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A b s t r a c t  

A concept  of  a  numerical  rating  for  turbulence  penetration  perfor- 
lnance  is  suggested which  goes  beyond  exclusive  consideration  of  structural 
loads.  This  performance  rating  is  taken  as  the  combined  probability,  at  any 
instant  of  time,  that  the  state  vector  defining  the  aircraft's  perturbation 
behavior  will  lie  in an undesirable  region as defined  by a constraint 
envelope  representing  the  multiple  hazards  surrounding  the  trim  point. 

An investigation  and  evaluation  of an elementary  form  of  the  general 
concept  is made, with the  constraints  being  limited  to  those  which  may  be  drawn 
in a  two-dimensional  space  defined  by  angle-of-attack  and  airspeed  excursions. 
The  constraints  are  buffet,  positive  and'negative  load  factor,  minimum  control 
speed,  maximum  dynamic  pressure,  and  maximum  Mach  number. 

The  effort is  confined  to  the  class of large  subsonic  jet  transports 
in  cruise  configuration; and, while limited  to  longitudinal  rigid  body  motion, 
includes  all  three  basic  aircraft  degrees  of  freedom  as  well  as  closed  loop 
elevator  and  throttle  control.  Conventional  power  spectral  density  techniques 
are  employed  to  consider  the  combined  effects  of  uncorrelated  vertical  and 
head-on  isotropic  turbulence. 

As  presently  formulated,  the  criterion  rating  is  found  to  be  most 
sensitive to such  gross  parameters  as  wing  loading,  altitude,  and  trim  speed; 
and  to  be relatively  insensitive  to  considerable  variation  in  aircraft  size. 
It is  demonstrated  that  the  criterion  rating  concept  has  potential  utility  as 
a rational  basis  for  the  selection  of  turbulence  penetration  speeds,  and  in 
estimating  the  influence  of  various  longitudinal  control  schemes. 

iii 





A c k n o w l e d g e m e n t  

The authors   wish  to   acknowledge  the  valuable   contr ibut ions  provided 
them  by Mr. Norman H. F i s c h e r   o f   t h e   B a t t e l l e   s t a f f .  H i s  e f fo r t s   p rov ided  
numerous u s e f u l  and p rac t i ca l   app roaches   t o   t he   ex tens ive  computer  programming 
tasks   conducted   in   connec t ion   wi th   the   research   e f for t .  

The au thor s   a l so   w i sh   t o   exp res s   t he i r   app rec i a t ion   t o  M r .  Richard. 
Waficko of  NASA Headquarters.  His guidance  aur ing  the coIPduqt of   the  program 
was very   he lpfu l .   Spec i f ica l ly ,   he   p rovided  many u s e f u l   i n p u t s   r e l a t i n g   t o  
tke   p re sen ta t ion  af  r e s u l t s '   a s   c o n t a i n e d   i n   t h i s   r e p o r c .  

V 





T a b l e  o f  C o n t e n t s  

INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
QUANTITATIVE PERFORMANCE CONCEPT . . . . . . . . . . . . . . . . . . .  
PROCEDURAL MODEL DEVELOPMENT . . . . . . . . . . . . . . . . . . . . .  

Analy t ica l  Models . . . . . . . . . . . . . . . . . . . . . . . .  
Aircraf t   and  Control   System . . . . . . . . . . . . . . . .  
Atmospheric  Turbulence . . . . . . . . . . . . . . . . . . .  
Turbulence  Penetrat ion  Constraints  . . . . . . . . . . . . .  
Performance  Cri ter ia  . . . . . . . . . . . . . . . . . . . .  

Computational  Programs . . . . . . . . . . . . . . . . . . . . .  
DISCUSSION OF RESULTS . . . . . . . . . . . . . . . . . . . . . . . .  

Idea l ized   Ai rcraf t   Responses  . . . . . . . . . . . . . . . . . .  
The Inf luence of A i r c r a f t   S i z e  . . . . . . . . . . . . . . . .  
General ized  Aircraf t   Responses  . . . . . . . . . . . . . . .  

Idea l ized   Ai rcraf t   Per formance  . . . . . . . . . . . . . . . . .  
Basic   Performance  Character is t ics  . . . . . . . . . . . . .  
General ized  Probabi l i ty   Contours  . . . . . . . . . . . . . .  

S e n s i t i v i t y  of Resul ts   to   Other   Parameter   Variat ions . . . . . . .  
PROCEDURAL EXTENSIONS AND APPLICATIONS . . . . . . . . . . . . . . . .  
CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
NOMENCLATURE . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

PaRe 
1 

3 

4 

4 

5 

8 

9 

1 2  

14 

14 

15 

16 

22 

24 

24 

26 

33 

48 

51 

52 

54 

APPENDIX A 

AIRCRAFT AND CONTROL SYSTEM MODEL . . . . . . . . . . . . . . . . . .  A - 1  

vi i 



T a b l e  of  Contents 

( c o n t i n u e d )  

Pa Re 

APPENDIX B 

AIRCRAFT CHARACTERISTICS . . . . . . . . . . . . . . . . . . . . . . .  B-1 

APPENDIX C 

TURBULENCE PENETRATION  CONSTRAINTS . . . . . . . . . . . . . . . . . .  c- 1 

APPENDIX D 

STATISTICAL RESPONSE ANALYSIS MODEL . . . . . . . . . . . . . . . . .  D - 1  

List o f  F i g u r e s  

FIGURE 1. ELEMENTS  OF A PROCEDURAL  MODEL RELATING TO A TURBULENCE 
PERFORMANCE  CONCEPT . . . . . . . . . . . . . . . . . .  5 

FIGURE 2.  POWER SPECTRA FOR  UNCORRETATED VERTICAL AND HORIZONTAL 
GUSTS OF  THE  CASE I (VON KARMAN) TYPE . . . . . . . . .  10 

FIGURE 3 .  NON-LINEAR  CONSTRAINT  BOiiPJDARIES SHOWN I N  THE CL-V 
D O M A I N . . . . . . . . . . . . . . . .  . . . . . . . . .  11 

FIGURE 4 .  LINEARIZATION OF  THE CONSTRAINT  BOUNDARIES YIELDING A 
CONSTRAINT  ENVELOPE . . . . . . . . . . . . . . . . . . .  13 

FIGURE 5. SELECTED ROOT  MEAN  SQUARE RESPONSES FOR IDEALIZED AIRCRAFT 
AT 800 FT/SEC TRUE AIRSPEED . . . . . . . . . . . . . .  1 7  

FIGURE 6 .  SELECTED ROOT  MEAN  SQUARE RESPONSES FOR IDEALIZED AIRCRAFT 
AT 500 FT/SEC TRUE AIRSPEED . . . . . . . . . . . . . .  19 

FIGURE 7 .  EFFECT OF AIRCRAFT SIZE ON ANGLE  OF  ATTACK  SPECTRUM . . .  20 

FIGURE 8. EFFECT OF AIRCRAFT SIZE ON SHORT PERIOD MODE . . . . . . .  2 1  

FIGURE 9. GENERALIZED RESPONSES TO UNIT TURBULENCE INTENSITIES 
I N  FEET/SECOND . . . . . . . . . . . . . . . . . . . . .  2 3  

FIGURE 10. EFFECT OF TURBULENCE INTENSITY ON PROBABILITY OF BEING 
OUTSIDE T t E  CONSTRAINT ENVELOPE, AND UPON  THE  MEAN 
TIME .BETWEEN CROSSING CONSTRAINT  BOUNDARIES . . . . . .  2 5  

viii 



L i s t  of  F igures  

( c o n t i n u e d )  

Page 

FIGURE 11. EFFECT OF MASS PARAMETER ON LINEARIZED CONSTRAINT 
ENVELOPES AT A TRUE AIRSPEED OF 800 FT/SEC . . . . . . .  27 

FIGURE 12.  EFFECTS OF MASS PARAMETER AND SIZE ON TURBULENCE 
PENETRATION PERFORMANCE . . . . . . . . . . . . . . . .  28 

FIGURE 1 3 .  CONTOURS  OF  EQUAL PROBABILITY OF EXCEEDING  CONSTRAINT 
E N V E L O P E . . . . . . . . . . . . . . . . . . . . . . . .  29 

FIGURE 14. AIRCRAFT RESPONSE CONTOURS  AS FUNCTIONS OF WING LOADING 
FOR UNIT TURBULENCE INTENSITY, LOOSE PITCH CONTROL, 
AND 20% STATIC MARGIN . . . . . . . . . . . . . . . . .  31 

FIGURE: 15. PROBABILITY CRITERION CONTOURS  AS A FUNCTION  OF W I N G  
LOADING  FOR  SEVERE  TURBULENCE , Ow = Ou = 30 FT/SEC, 
LOOSE PITCH CONTROL, AND 20% STATIC MARGIN . . . . . . .  32 

FIGURE 16. EFFECT OF WING LOADING ON RMS RESPONSES TO UNIT 
TURBULENCE INTENSITY . . . . . . . . . . . . . . . . . .  34 

FIGURE 17. EFFECT OF W I N G  LOADING ON PROBABILITY OF BEING OUTSIDE 
THE CONSTRAINT  ENVELOPE . . . . . . . . . . . . . . . .  35 

FIGURE 18. CONSTRAINT  ENVELOPES AT  LOW SPEED FOR 30,000 FT 
CRUISE ALTITUDE . . . . . . . . . . . . . . . . . . . .  36 

FIGURE 19. CONSTRAINT  ENVELOPES AT HIGH SPEED FOR 30,000 FT 
CRUISE ALTITUDE . . . . . . . . . . . . . . . . . . . .  37 

FIGURE 20.  EFFECT OF TRIM SPEED AND STATIC MARGIN ON RMS RESPONSES 
TO UNIT TURBULENCE INTENSITY . . . . . . . . . . . . . .  39 

FIGURE 21. EFFECT OF  TURBULENCE  PARAPETERS ON RESPONSES TO UNIT 
TURBULENCE INTENSITY . . . . . . . . . . . . . . . . . .  41 

FIGURE 22. EFFECT OF TIGHTENED PITCH CONTROL: PITCH AUTOPILOT WITH 
0.7 CRITICAL DAMPING  OF  SHORT PERIOD MODE . . . . . . .  43 

FIGURE 23.  EFFECT OF  CONTROL  SYSTEM ON RMS RESPONSES TO UNIT 
TURBULENCE INPUTS . . . . . . . . . . . . . . . . . . .  45 

FIGURE 24. EFFECT OF  CONTROL  SYSTEM ON TWkBULENCE-PENETRATION 
PERFORMANCE . . . . . . . . . . . . . . . . . . . . . .  47 

ix 



A PROCEDURE  FOR  ASSESSING  AIRCRAFT 

TURBULENCE-PENETRATION  PERFORMANCE 

R i c h a r d  F. P o r t e r ,   J a m e s  P. Loom-is, 

a n d   A l f r e d  C. R o b i n s o n  

P r e p a r e d   u n d e r   C o n t r a c t  N o .  N A S W - 1 7 3 7  f o r  t h e  
N a t i o n a l  A e r o n a u t i c s   a n d  S p a c e  A d m i n i s t r a t i o n  

W a s h i n g t o n ,  D. C. 

I n t r o d u c t i o n  

This   r epor t   cove r s  a r e s e a r c h   e f f o r t   r e l a t i n g   t o   t h e   d e v e l o p m e n t  and 
a n a l y s i s   o f  a p rocedure   fo r   quan t i t a t ive ly   eva lua t ing   t he   behav io r   o f   an  a i r -  
c r a f t  when encounter ing  a tmospheric   turbulence.   This   research is  predica ted  on 
a general   performance  concept  that   goes beyond t h e   t r a d i t i o n a l   f o c u s  on 
s t r u c t u r a l   l o a d s .  The procedure  developed is  a s i m p l i f i e d   r e p l i c a   o f   t h i s  
general  concept,  and  draws  upon  the  current s ta te  of the a r t  in   ana lys i s   t ech -  
niques  and  computat ional   hardware.   In   this   par t icular   case,   the   analysis  
e f f o r t s  were l i m i t e d   t o   l a r g e   t r a n s p o r t   a i r c r a f t   i n   t h e   c r u i s i n g   f l i g h t   r e g i m e .  
I t  i s  be l i eved   t ha t   t he   s ea rch   fo r  a meaningful  performance  concept  for  f l ight 
i n   t u r b u l e n c e  is  j u s t i f i e d  by c e r t a i n   h i s t o r i c a l   t r e n d s  and r ecen t   even t s .  

The in t e re s t   i n   a i rp l ane   behav io r   i n   t u rbu lence   ex tends   back   t o  
a v i a t i o n ' s  ea r l ies t  days.  The s t u d i e s  by  Hunsaker(')  and  Wilson(2),  published 
i n  1915, were among t h e   f i r s t  works i n   t h i s  area. These  s tudies  were b road   i n  
n a t u r e ,  and  examined t h e   g e n e r a l   b e h a v i o r   o f   a i r c r a f t   i n   g u s t s .  The i n t e r e s t  
i n   t h i s   s u b j e c t   l a p s e d ,  and w a s  no t  renewed aga in   fo r   nea r ly   15   yea r s .  The 
renewed i n t e r e s t  was s t imula ted  by the  growing  emphasis i n   t he   Un i t ed   S t a t e s  
i n   t h e  l a t e  1920 ' s   and   ear ly   1930 ' s  on d e v e l o p i n g   e f f i c i e n t   t r a n s p o r t  a i r -  
c r a f t .  From that  per iod  on,   a lmost   without   except ion,   research  and  develop-  
ment  work r e l a t i n g   t o   t u r b u l e n c e  w a s  d i r e c t e d  a t  the  determinat ion  of   gust  
loads  and s t r u c t u r a l   d e s i g n  c r i te r ia .  

The p r e d i c t i o n  of gust-induced  loads  posed a requi rement   to  estimate 
t h e  maximum expec ted   gus t   ve loc i  The p i o n e e r i n g   e f f o r t s   i n   t h i s   a r e a  were 
performed  by Rhode and  Lundquistt'j of NACA i n  1931. The s t r u c t u r a l   d e s i g n  
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cr i te r ia  in   use  today are s t i l l  l a rge ly   p red ica t ed  on t h e i r   b a s i c   c o n c e p t s .  
The most   recent   modi f ica t ions   to   the i r   p rocedure   involve   the   computa t ion  
of "der ived  equivalent   gust   veloci ty" ,  as defined  by P r a t t  and  Walker(4), 
and  reported  in  1954. 

As a i r c r a f t  became l a r g e r  and more f l ex ib l e ,   t he   "d i sc re t e -gus t  
concept" came under   se r ious   ques t ion .  However, advances  in   general ized 
harmonic  analysis  and  random process   theory opened the  way t o   t h e   u s e  of 
power s p e c t r a l   d e n s i t y   t e c h n i q u e s   t o   d e s c r i b e   t h e   s t o c h a s t i c   n a t u r e   o f  
atmospheric  turbulence  and,  therefore,   turbulence-induced  loads.  The work 
of P r e s s ,  Meadows, and H a d l ~ c k ( ~ )   i n   t h i s   f i e l d ,   r e p o r t e d   i n   1 9 5 6 ,  was 
c l a s s i c .   In   subsequen t   yea r s ,   subs t an t i a l   p rog res s   has   been  made in   deve lop-  
ing  an  advanced  methodology  for   determining  the  gust- induced  f l ight- loads 
environment. 

Events of the  ear ly   1960's   sharply  emphasized  the need f o r  a reas-  
sessment of a i r c ra f t   behav io r   i n   t u rbu lence .   Seve ra l   s e r ious   i nc iden t s  and 
a c c i d e n t s   i n v o l v i n g   b o t h   c i v i l   a n d   m i l i t a r y  j e t  t r a n s p o r t s  were experienced 
dur ing   f l igh t   th rough  tu rbulence .  An element common t o   a l l  of   these w a s  an 
apparent  loss  of control  followed  by  recovery  attempts  with  varying  degrees  of 
success .  The phrase  " je t -upset"  was commonly app l i ed   t o   t hese   ca ses .  A t  the  
ope ra t iona l   l eve l ,   e f fo r t s   by   such   peop le   a s   Sode r l ind (6 )  of Northwest   Air l ines  
focused much-needed a t t e n t i o n  on such   f ac to r s   a s   p i lo t   cues   i n   t u rbu lence ,  
f l i g h t   i n s t r u m e n t   l i m i t a t i o n s ,   p i l o t   c o n t r o l   t e c h n i q u e s ,   f l i g h t   c o n t r o l  
e f f ec t iveness   a t   h igh   speeds ,   t u rbu lence -pene t r a t ion   speeds ,  and p i l o t  
phys io logica l   l imi ta t ions .   Together ,   indus t ry  and  government r a p i d l y  
responded  with  correct ive  measures .   These  included  revised  penetrat ion 
s p e e d s ,   p i l o t  seat r e s t r a i n t s ,  improved a t t i t ude   i n s t rumen ta t ion ,   con t ro l  
system  modif icat ions,  and recommended p i lo t ing   p rocedures .   In   t he  way of a 
more comprehensive  response, several research  programs (7,899 ,lo,'') involving 
in - f l i gh t   and   s imula t ion  work were i n i t i a t e d .  The success   o f   these   co l lec t ive  
e f f o r t s  i s  i n d i c a t e d   b y   t h e   d e c r e a s e   i n   s u c h   i n c i d e n t s   i n   t h e   l a s t  few years .  

By exerc is ing   h inds ight ,   the   h i s tor ica l   events   d i scussed   above   sug-  
gested some per t inent   needs   for   the   des ign   and   opera t ion  of f u t u r e   a i r c r a f t .  
F i r s t ,  and  most  obvious, was t h e  need t o   i d e n t i f y  and comprehend the   va r ious  
a i r c r a f t - b e h a v i o r  phenomena in   turbulence  which are e i the r   undes i r ab le   o r  
hazardous.  Not so obvious,   but   possibly  of   greater   importance,  was the need 
f o r  a quan t i t a t ive   approach   fo r   a s ses s ing   t he  combined effect   of   these  phe-  
nomena as f u n c t i o n s   o f   a i r c r a f t   c h a r a c t e r i s t i c s ,   f l i g h t   c o n d i t i o n ,   a n d   t h e  
c o n t r o l   c r i t e r i a  employed. An obvious  benefi t   involves  improved f l i g h t   s a f e t y .  
A secondary   benef i t  i s  t h a t  of  providing a t o o l  which  might  help i n   b r i d g i n g  
the  gap  between  the  research  and  operat ional   segments   of   the   aviat ion community. 
It was towards  these  ends  that   this  research  program was conducted. 
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Q u a n t i t a t i v e   P e r f o r m a n c e   C o n c e p t  

In   p lanning   th i s   research   program,  i t  was  recognized  that   any  general  
performance  concept   for   f l ight   through  turbulence  should  ideal ly   embrace  a l l  
of the rea l -wor ld   fac tors   involved .  To begin  with,   the   concept   should  take 
cognizance of the  s tochast ic   nature   of   the   turbulence  environment   and  the 
n o n l i n e a r   c h a r a c t e r i s t i c s  of t h e   a i r c r a f t  upon which i t  a c t s .  It should  be 
s e n s i t i v e   t o   t h e   i m p o r t a n t   e f f e c t s   o f   a i r c r a f t   c h a r a c t e r i s t i c s ,   f l i g h t   c o n d i -  
t ion ,   and   c losed- loop   cont ro l  schemes  on a i rp l ane   behav io r .   Fu r the r ,  it 
should   p roper ly   account   for   the   t rue   na ture   o f   th rea ts  and hazards.  The a i r -  
c r a f t ' s   r e s p o n s e  exis ts  i n  a multi-dimensional  space  defined  by many s ta te  
v a r i a b l e s .   C e r t a i n   r e g i o n s   i n   t h i s  s ta te  space ,   i f   encoun te red ,   l ead   t o  
i r revers ib le   ca tas t rophic   consequences   (e .g . ,   exceeding   a i r f rame  u l t imate  
s t r eng th ) .   I n   o the r   r eg ions ,   po ten t i a l   haza rds   ex i s t .   Tha t  i s ,  r e v e r s i b l e  
c a t a s t r o p h i c   t r e n d s  may develop. The t h r e a t   h e r e  i s  p r o b a b a l i s t i c   i n   t h a t  
the  consequences  depend  on how qu ick ly   and   e f f ec t ive ly   t he   s i t ua t ion  i s  d e a l t  
w i t h   ( e . g . ,  s t a l l  followed  by  dive).  Any quant i ta t ive  measure  of   performance 
shou ld   l og ica l ly   dea l   w i th   t he   ove ra l l   l i ke l ihood  of undesirable   and/or  
hazardous  events   occurr ing.  

The performance  concept  described  above i s  qu i t e   r i go rous .  I t  was 
recognized   tha t  much of the  knowledge requi red   to   deve lop   th i s   concept  i s  n o t  
c u r r e n t l y   a v a i l a b l e .  On the  other   hand,   there  i s  a subs tan t ia l   pool   o f  knowl- 
edge  which  has  never  been  assimilated i l l  t h i s   d i r e c t i o n .   F u r t h e r ,   a n a l y s i s  
techniques  and  computat ional   hardware  advancements   in   this   past   decade  represent  
s t rong   t oo l s   wh ich   have   no t   ye t   been   app l i ed   t o   t he i r   fu l l   c apac i ty .   Wi th   t hese  
r e s o u r c e s   a v a i l a b l e ,  i t  appeared   bo th   p rac t ica l  and t i m e l y   t h a t   a n   i n i t i a l   s t e p  
be made i n   t h e   d i r e c t i o n  of developing a general   performance  concept   for   f l ight  
i n   t u r b u l e n c e .  

The o b j e c t i v e  of this   research  program was to   deve lop  and e x e r c i s e  a 
s i m p l i f i e d   v e r s i o n  of the  general  concept  described  above. The re la ted   purposes  
were to   demons t r a t e   t he   poss ib l e   app l i cab i l i t y   o f   t he   concep t  and po in t   t he  way 
towards  needed  refinements  and/or  extensions.  The fo l lowing   gu ide l ines  were set  
f o r t h   w i t h   r e s p e c t   t o   t h i s   e n d e a v o r .  

A i r c r a f t  and Control  System - The a n a l y s i s  would be l i m i t e d  
t o   t he   veh ic l e ' s   l ong i tud ina l   dynamics ,   w i th   t he   veh ic l e  
r ep resen ted   a s  a r i g i d ,   l i n e a r   e l e m e n t .  I ts  aerodynamic 
c h a r a c t e r i s t i c s  would  be  roughly  consistent  with  the non- 
d imens iona l ized   charac te r i s t ics   o f  a f i r s t - g e n e r a t i o n  j e t  
t r anspor t .   Var i a t ions  would be  a l lowed  in   such  factors  
as a i r c ra f t   phys i ca l   s i ze ,   w ing   l oad ing ,  t r i m  f l i gh t   con -  
d i t i o n ,  and control  feedback  parameters  used. 

Turbulence  Environment - The turbulence  environment would 
be   dep ic t ed   by   e i the r  of two  power s p e c t r a .  Combined 
ver t ica l   and   head-on   gus ts  of a n   i s o t r o p i c  and uncorre la ted  
n a t u r e  would be  used. 
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Turbulence-Penetration  Constraints - Lacking  better  defini- 
tions, the  situations  to  be  avoided  in  flight  through 
turbulence  would be represented  by  constraint  surfaces 
for  such  factors as buffet,  positive  and  negative  load 
factors,  minimum  control  speed,  and  maximum  dynamic 
pressure.  These  particular  constraints  would  be 
described  in  the  two-dimensional  state  space  defined by 
angle  of  attack  and  velocity,  and  all  matters  dealing 
with  aircraft  response  and  performance  would  be  con- 
sidered  in  that  space. 

Turbulence-Penetration  Performance - The constraints 
mentioned  above  would,  in  the angle-of-attack/velocity 
state space, yield  a  closed  constraint  envelope.  The 
performance  criteria  for  judging  flight  through  turbu- 
lence  would  relate  to  the  likelihood  of  passing  outside 
this  envelope. 

In addition  to  using  the  simplified  procedure  to  analyze  performance  variations 
as  functions  of  the  many  variables  involved,  attempts  would  be  made  to  identify 
parameters  against  which  performance  would  uniquely  correlate. 

P r o c e d u r a l   M o d e l   D e v e l o p m e n t  

Figure 1 depicts the  important  elements  of  the  procedural  model  which 
was developed  to  investigate  the  turbulence  performance  concept.  It  illustrates 
that  the  aircraft's  response  is  a  function  both  of  the  dynamics  of  the  aircraft 
and  control system, and  the  nature of the  turbulence  environment.  In turn, the 
response  together with the  constraints  and  performance  criteria  determine  the 
performance  in  turbulence.  Using  the  guidelines  described  earlier, it was 
necessary  to  develop  the  necessary  analytical  models  and  computational  programs 
for  evaluating  the  procedure.  These  are  described  in  the  remainder  of  this 
report  section. 

Analytical  Models 

The  detailed  description  of  the  development of analytical  models  is 
given  in  the  Appendices  to  this  report.  They  are  described  only  to a  limited 
depth  here. 
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Turbulence 
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* Characteristics Response t- 
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Control 
System 

............................ .............................. .............................. ............................... ............................... 

FIGURE I. ELEMENTS OF A PROCEDURAL  MODEL  RELATING  TO A 
TURBULENCE  PERFORMANCE  CONCEPT. 

Aircraft and Control  System 

As described in Appendix A, standard techniques  were used to derive 
the equations  describing the aircraft and control  system  dynamic  behavior. 
The  features and assumptions in this  development include  the seven  described 
below: 

(1) Three.degree-of-freedom  longitudinal  rigid-body  modes 
of motion  were considered. 
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The equat ions  were l i nea r i zed   abou t  a l e v e l - f l i g h t  
equ i l ib r ium  cond i t ion .  

Atmospheric  density was assumed to   be   an   exponent ia l  
func t ion   o f   a l t i t ude .  

The control   system  involved  pure  gain  feedbacks  with 
no  equal izat ion,   and  sensor   and  actuator   dynamics 
were ignored. 

Both   longi tudina l  and v e r t i c a l   g u s t   v e l o c i t y  com- 
ponents were included. 

The l a g   i n  ver t ical  gust   penetrat ion  between  the  wing 
and h o r i z o n t a l   t a i l  was represented as a n   e f f e c t i v e  
aerodynamic  pitching rate.  

The ae rodynamic   l ag   i n   l i f t   g rowth  on the  wing  fol lowing 
gust   penetrat ion  (Kussner   Funct ion)  was inc luded   in  
approximate  form;  the  unsteady  aerodynamic  effects of 
a i r c r a f t   m o t i o n  (Wagner Function) were ignored. 

E i g h t   l i n e a r   d i f f e r e n t i a l   e q u a t i o n s  were developed   to   represent   the  
a i r c ra f t  and i t s  control  system.  These  included  the dynamic equat ions   repre-  
s e n t i n g   t h e  two t r a n s l a t i o n a l  and  one r o t a t i o n a l   d e g r e e s  of freedom. A kine-  
matic equat ion  was included  which  re la ted  the time rate of change   of   a l t i tude  
t o   b o t h   t h e   a i r c r a f t ' s   c l i m b   r a t e   i n   t h e   a i r  mass and t h e   i n s t a n t a n e o u s   v e r t i c a l  
g u s t   v e l o c i t y .  A second-order  lag was used t o   r e p r e s e n t   t h e   e n g i n e ' s   t h r u s t  
r e s p o n s e   t o   t h r o t t l e   d e f l e c t i o n s .  The fo l lowing   th ree   c losed- loop   cont ro l  
f u n c t i o n s  were developed: 

A s imple   e leva tor   cont ro l   sys tem  wi th   cont ro l   e f fec ted  
by var ious   combina t ions   o f   ve loc i ty   e r ror ,   angle   o f  
a t t a c k   e r r o r ,   l o n g i t u d i n a l   a c c e l e r a t i o n ,   p i t c h  ra te ,  
and p i t c h   a t t i t u d e   e r r o r .  

An a u t o t h r o t t l e   s y s t e m   w i t h   c o n t r o l   e f f e c t e d   b y   v a r i o u s  
combinations of v e l o c i t y   e r r o r ,   l o n g i t u d i n a l   a c c e l e r a t i o n ,  
a l t i t u d e   e r r o r ,  and  c l imb  ra te .  

An a l t i t ude   con t ro l   sys t em  wh ich   ope ra t ed   i n to   t he  
e l eva to r   sys t em.   P i t ch   a t t i t ude  commands were generated 
a s   f u n c t i o n s   o f   b o t h   a l t i t u d e   e r r o r  and  climb rate .  



cy = angle  of  attack , rad 

6= = tailplane  incidence,  rad 

6 = pressure  correction  factor 
t2 

8 = pitch  attitude, rad 

p = atmospheric  density,  slugs/ft 3 

Physical  Characteristics 

The  primary  physical  characteristic  parameters  of  interest  are  wing 
mean  aerodynamic  chord  length (C), wing  area (S), pitching  moment  of  inertia 
(Iyy), and  aircraft  gross  weight (W). 

In an attempt to  simplify  the  problem  somewhat,  it  is  assumed  that 
while  the  aircraft's  size  would  be  allowed to vary,  its  basic  geometry  would 
remain fixed.  Here  geometry  is  construed  to  include  such  factors  as  fuselage 
slenderness  ratio,  wing  aspect  ratio,  wing  sweep, and  the  general  attachment 
position  of  the wing to  the  fuselage.  Having  assumed  this,  other  assumptions 
can  be  made  with  fair accuracy.  First,  given  various  aircraft  physical  sizes, 
wing  area  will  vary  proportionally  with  the  square  of  the  mean  aerodynamic 
chord  length.  That  is, 

S = K 1 c  -2 

Second, the  aircraft's  radius  of  gyration (r) about  the  center  of  gravity  will 
vary  approximately  linearly  with  mean  aerodynamic  chord  length.  Thus, 

This  latter  assumption is  made  recognizing  that  the  distribution  of  airframe 
mass is  far  more  influential  in  determining  r  than  are  the  masses  of  fuel 
and  payload which  vary  as gross  weight  varies. 

Pitching  moment  of  inertia is a  function  of  radius  of  gyration,  gross 
weight, and  the  gravitational  constant (g), as follows: 



Combining (B-2) and  (B-3) to eliminate  r  gives 

I = K 2 c  2 -2 w_ 
YY g 

A reference  aircraft is chosen  to  evaluate  the  .proportionality  constants,  K1 
and  K2.  It  is  one  of  the  first-generation  type,  four  engine,  turbojet-powered 
transports with a  mean  aerodynamic  chord  length  of 20 feet  and  a  wing  area  of 
2400 square feet. A reasonable  mid-range  value  for  this  aircraft's  radius of 
gyration  is 27 feet.  Using  these  values  in  equations  (B-1)  and  (B-2),  the 
values  of K1 and K2 are found  to  be 6.0 and  1.35,  respectively. Thus, 
equations  (B-1)  and (B-4) can be  rewritten  as 

S = 6T2 

I = 22.6 W 
YY (B-6) 

It is convenient  to  specify  the  aircraft's  wing  loading (W/S) as  a 
parameter,  instead of the W and S individually.  Equations  (B-5)  and  (B-6) 
can  be  combined  to  yie  Id 

I = 135 .6F2 e) 
YY 

(B-6a) 

Based  on  the  foregoing  material,  the  process  of  fully  describing 
the  aircraft's  physical  characteristics can be  viewed as a  three-step  process; 

(1) Size the  aircraft  by  selecting F ,  

(2) Specify the wing loading e) , and 
(3) Calculate  the  pitching  moment  of  inertia (I ). 

YY 

Aerodynamic  Characteristics 

The  longitudinal  aerodynamic  characteristics  are  of  interest  in  this 
study  and  include  the  lift, drag, and  pitching  moment  coefficients  and 
derivatives.  The  nondimensionalized  characteristics  of  the  reference  aircraft 
mentioned  earlier will be  used.  These are, to  a  good  order of approximation, 
applicable  to  an  aircraft  with  the  same  geometrical  configuration,  even  though 
it  may  differ  in  physical  size.  The  aerodynamic  characteristics  presented  in 
the  following  paragraphs  are  limited  to  the  configuration  with  flaps  and 
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landing  gear  retracted. Also, unlike  the  derivations  in  Appendix A ,  they 
involve  values as measured  from  a  zero  angle-of-attack  condition,  and  not 
the  trim  flight  angle-of-attack. 

_Lift Characteristics 

The  equation  below  illustrates  the  dependence  of  lift  coefficient 
(C,) on  aircraft  angle  of  attack (CY), and  tailplane  incidence (6 ). 

e 

\ 

cL - CL0+ cL - cr+ c (6e - 1 
cr L6 ref e 

03-71 

Here, 6 is  a  reference  tailplane  incidence  of -4 degrees.  Static  airframe 
elasticity,  and  compressibility  effects  on  CL  are  accounted  for  by  the  fact 
that C L ~ ,   C L ~ ,  and  CL  are,  in turn  functions  of  flight  Mach  number (M), and 
flight  altitude (h). 

eref 

'e 

Figures B-1 through B - 3  present  the  values  of C 

respectively,  as  a  function of  Mach  number  and  several  flight  altitudes. 

Figure B-4 shows  the  aircraft's  buffet  boundary  limit  representing 
the  limit  CL  value as a  function  of  Mach  number.  The  dashed  curve  is  a  section 
of an ellipse  approximating  the  boundary  and  will  be  used  in  generating  the 
vehicle's  flight  envelopes,  presented  later  in  this  Appendix,  and  the 
turbulence-penetration-constraint  boundaries,  discussed  in  Appendix C. 

Drap  Characteristics 

The  drag  coefficient  can  be  expressed  in  terms  of  incompressible  drag, 
(C,) which  varies  with  lift, and  the  drag  rise  due  to  Mach number, (C,) . 

L M 

Figures B-5 and B-6 shows  the  variations  of (C,,) and  (C ) with  respect  to  CL 
and M, respectively. L D M  
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FIGURE B-I .  VARIATION OF C'o WITH MACH  NUMBER  AND ALTITUDE 

I n   a d d i t i o n   t o   t h e   b a s i c   d r a g   c o e f f i c i e n t ,  i t s  r a t e  of change 
relative t o  changes i n   b o t h   a n g l e  of a t t a c k  and Mach number a r e   o f   i n t e r e s t  
i n   s t u d y i n g   t h e   a i r c r a f t ' s  dynamic response.  The f i r s t  of t h e s e   d e r i v a t i v e s ,  
a - (C ) , is given by the   fo l lowing   express ion .  aa! D , 

a a - am ('~1~ ac, = - (C,) CL 
L a! 
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FIGURE 8-2. VARIATION OF CL= WITH  MACH  NUMBER AND ALTITUDE 

The data  in  Figure B-5 are used to  obtain the characteristics  of - aa ( C D ) ~  for 
various  values of CL and CL The  derivative - is evaluated from 

the data presented in Figure B-6. 

a 
a 

a- aM ‘%)M 

Figures B-7 and B-8  provide data on the derivatives - acY ( C D ) ~  and 
a 

a (CD)M, respectively. 
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FIGURE  B-3.  VARIATION  OF C WITH  MACH  NUMBER  AND  ALTITUDE 'a€! 
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FIGURE 8-5. DRAG  COEFFICIENT  DUE  TO LIFT 
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FIGURE B-6. DRAG  COEFFICIENT DUE  TO MACH NUMBER 

B-11 



I .E 

1.2 

0.E 

0.4 

- 0.4 
0 0.2 0.4 0.6 

Li f t  Coefficient,  CL 

FIGURE 6-7 VARIATION  OF d ( C ~ ) ~ / d a  W I T H  L 
L I F T  CURVE SLOPE 

0.8 

, I  FT COEFFIC 

1.0 

I E N T  AND 

B -12 



0.7 0.8 0.9 I .o 
Mach Number, M 

I 



Pi t ch ing  Moment C h a r a c t e r i s t i c s  

An expres s ion   fo r   t he   p i t ch ing  moment c o e f f i c i e n t  is  given as 

cm = cm + (c, ) - Q + cma (ae - he 1 + c (Xcg - x 1 
"x 'gref 0 Q ref e re f 

cg 

(B-10) 

In t h i s   e q u a t i o n ,  X i s  t h e   r a t i o  of t he   cen te r  of grav i ty   d i s tance   forward  

of the  0.25 MAC p o s i t i o n ,   t o   t h e   l e n g t h  of  the mean aerodynamic  chord.  Thus, 

X = 0.25. The value  of (C%) i s  re ferenced   to   the   condi t ion   where  

X equals  X The e f f e c t s  o f   a i r f r a m e   s t a t i c   e l a s t i c i t y  and  compressi- 

b i l i t y  on Cm a r e   r e f l e c t e d   i n   t h e   d e r i v a t i v e s  of  Equation  (B-lo),  a l l  of which 

v a r y   w i t h   f l i g h t  Mach number  and a l t i t u d e ,  

cg 

'gref r e f  

cg 

Figures  B-9 through B-13 g i v e   t h e   c h a r a c t e r i s t i c s  of Cm , (C,> , 
a r e  f 0 r e f  

~~~ 

C , C and 
ma "x ax as a func t ion  of M and h .  

e cg cg 

Figures  B-14 and B-15 p re sen t .da t a  on t h e   v a r i a t i o n  of Cm wi th   angle  
of a t t a c k   r a t e  (&) and p i t c h i n g  rate ( e ) .  

Propu l s ion   Charac t e r i s t i c s  

I n   t h i s   s t u d y   i n v o l v i n g   a i r c r a f t  dynamic response   in   tu rbulence ,  no 
s p e c i f i c  a t t e m p t  i s  made t o   c h a r a c t e r i z e   t h e   t h r u s t   c a p a c i t y  of   the   vehic le ' s  
engines.   That i s ,  having   se lec ted  a veh ic l e   con f igu ra t ion  and f l i g h t   c o n d i t i o n ,  
i t  i s  assumed thay   t he   necessa ry   t h rus t   fo r   l eve l   f l i gh t  i s  ava i lab le .   For  
equ i l ib r ium  f l i gh t ,   t he   fo l lowing  two express ions  are app l i cab le :  

B-14 
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FIGURE B-IO. VARIATION OF (Cma)ref  WITH MACH  NUMBER  AND  ALTITUDE 
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(a) Contours  of  constant  RMS  load  factor 
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(b) Contours of constant RMS angle of attack 
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FIGURE 9. GENERALIZED  RESPONSES  TO UNIT TURBULENCE INTENSITIES IN FEET/SECOND. 
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I d e a l i z e d   A i r c r a f t   performance^ . . .  . 

As developed  in  Appendix D ,  t h e   a i r c r a f t ' s   t u r b u l e n c e   p e n e t r a t i o n  
performance  involves a d e t e r m i n a t i o n   o f   t h e   l i k e l i h o o d   t h a t   d e f i n e d   c o n s t r a i n t  
boundaries  w i l l  be  exceeded i n  a par t icu lar   tu rbulence   encounter .  I n  o r d e r   t o  
make t h i s   d e t e r m i n a t i o n ,   t h e   a i r c r a f t   r e s p o n s e s  and cons t ra in t   enve lope   mus t  
be de f ined   fo r   each  case of i n t e r e s t .  The de ta i l s   o f   comput ing   t he   cons t r a in t  
envelope ,   for   any   g iven   case ,  are presented  in   Appendix C. 

I n   t he   p reced ing   subsec t ion  of t h i s   r e p o r t ,   d e a l i n g   w i t h   a i r c r a f t  
r e s p o n s e ,   a n   i d e a l i z e d   a i r c r a f t   r e s p o n s e  model was descr ibed .  I ts  use  per- 
mitted an   assessment   o f   a i rc raf t   response   in   t e rms   of  a minimum number of 
i n f l u e n t i a l   p a r a m e t e r s .   A d d i t i o n a l l y ,   t h e   d e t e r m i n a t i o n   t h a t   a i r c r a f t   s i z e  
e f f e c t s  were minimal   a l lowed  for   ana lyz ing   response   in  terms of   on ly   ve loc i ty  
and mass parameter .   Fortunately,   wi th  one except ion ,  i t  was p o s s i b l e   t o  
un ique ly   de f ine   t he   cons t r a in t   enve lope   fo r  a g iven   case   in  terms of   these 
same two parameters.  The except ion i s  the  dynamic  pressure  placard l i m i t  
which  obviously  depends  expl ic i t ly  on a l t i t u d e   f o r  a g iven   t rue   a i r speed .  
S i n c e   t h i s   p a r t i c u l a r   c o n s t r a i n t  i s  o n l y   s i g n i f i c a n t  a t  t h e   l o w e r - a l t i t u d e ,  
high-speed  port ion of t he   f l i gh t   enve lope ,   t he   cons t r a in t   boundar i e s   fo r  
g iven   va lues   o f   ve loc i ty   and  mass parameter were computed a t  s u f f i c i e n t l y   h i g h  
a l t i t u d e   t o   p r e c l u d e   t h e  dynamic  pressure l i m i t  from  becoming a governing  con- 
s t r a i n t .  The boundaries and envelopes  thus  obtained were then  assumed t o   a p p l y  
f r e e l y   t o  a l l  cases   wi th   ident ica l   parameter   va lues .  

Basic Performance  Character-ist-ics- 

For a g iven   cons t r a in t   enve lope ,   t he   exceedance   p robab i l i t y  i s  a 
func t ion   o f   t he   va r i ances   i n   ang le   o f   a t t ack   and   ve loc i ty   r e sponses   wh ich   i n  
t u r n  are a func t ion   of   the  r m s  t u rbu lence   i n t ens i ty .  Whereas t h e   a i r c r a f t  
r e sponse   r e su l t s   d i scussed   i n   t he   p rev ious   s ec t ion  were l i nea r   func t ions   o f   t he  
t u r b u l e n c e   i n t e n s i t y ,   t h e   e x c e e d a n c e   p r o b a b i l i t y   r e s u l t s  are r e l a t e d   i n  a h ighly  
nonl inear  way to   the   tu rbulence   magni tude  as i l l u s t r a t e d   i n   F i g u r e  10. 

Also shown i n   F i g u r e  10 i s  the  mean time  between  crossings  of  the 
c l o s e s t   c o n s t r a i n t   b o u n d a r y ,   a l s o  a h ighly   nonl inear   func t ion   of   tu rbulence  
i n t e n s i t y .   T h i s   q u a n t i t y ,  as o u t l i n e d   i n  Appendix D ,  i s  computed  from the  
second moments o f   t he   ang le   o f   a t t ack   and   ve loc i ty   spec t r a   and   t he i r   c ros s  
spectrum. 

It should   be   no ted   here   tha t   the   tu rbulence   in tens i ty ,   as   used   in   th i s  
i n v e s t i g a t i o n ,  i s  the   t rue   t u rbu lence   i n t ens i ty  as def ined by t h e  area under 
the  complete  power spectrum. A s  po in ted   ou t   in   Reference  11, some i n v e s t i g a t o r s  
have  used a t runca ted   spec t rum  to   de f ine   t he  rms t u r b u l e n c e   v a l u e s ,   r e s u l t i n g   i n  
a smaller numberical  value.  During 15 traverses of a thunderstrom,  as   reported 
i n   R e f e r e n c e  11, truncated  spectra   values   ranged  f rom 6.1 t o  16 f t / sec ,   whereas  
t h e   t r u e  rms t u r b u l e n c e   i n t e n s i t y   f o r  a t  l e a s t  one of these was e s t i m a t e d   t o  
be 32.33 f t / s e c .  
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Figure 11 shows t h e   l i n e a r i z e d   c o n s t r a i n t   b o u n d a r i e s   ( a n d   r e s u l t i n g  
enve lopes )   fo r   t h ree  mass parameter   values ,  a l l  a t  a t r u e   v e l o c i t y   o f  800 
ft/sec. These  boundaries are formally  independent   of   s ize .  The c o n s t r a i n t  
envelope   for  (W/S)/a = 197 l b / f t 2 ,  a t  t h e   t o p   o f   t h e   f i g u r e ,   r e p r e s e n t s   t h a t  
o f   a n   a i r c r a f t  trimmed a t  a r e l a t i v e l y   h i g h   l i f t   c o e f f i c i e n t ,   c a u s e d   e i t h e r  
by a high  wing  loading  or  a h i g h   a l t i t u d e   o p e r a t i n g   p o i n t .  It is  ev ident  
t h a t   t h i s   a i r c r a f t  w i l l  probably  encounter   the  upper   buffet  l i m i t  be fo re   t he  
p o s i t i v e   l o a d   f a c t o r  l i m i t  i s  reached ,   whereas   for   nega t ive   angle   o f   a t tack  
d i s t u r b a n c e s   t h e   n e g a t i v e   l o a d   f a c t o r  l i m i t  i s  r e a c h e d   f i r s t .  The minimum 
cont ro l   speed ,   cor responding   to   the   1 -g  s t a l l  speed, is  f a i r l y   c l o s e   t o   t h e  
o r i g i n  o r  trim poin t   because   o f   the   h igh  t r i m  l i f t   c o e f f i c i e n t .  

The cons t ra in t   enve lopes   for   lower   va lues   o f  (W/S)/o i l l u s t r a t e   t h e  
tendency of the   pos i t ive   load   fac tor   cons t ra in t   to   p redominate   the   lower   wing  
loadings   o r   lower   a l t i tudes .   For   the   lowes t   va lue  of (W/S)/o, the   upper   buf fe t  
boundary   has   ceased   to   def ine   any   por t ion   o f   the   envelope .  

The dec reas ing   t o l e rance   fo r   ang le   o f   a t t ack   d i s tu rbances   a s  (W/S)/o 
decreases  is  i l lus t ra ted   by   the   nar rowing   of   the   d i s tance   be tween  the   pos i t ive  
and   nega t ive   load   fac tor  limits. However, Figure  9(b)  shows t h a t   t h e  r m s  angle  
o f   a t t ack   r e sponse   t o  a un i t   t u rbu lence   i npu t   dec reases  as (W/S)/a decreases .  
Based only upon an   inspec t ion   of   F igures  9 and 11, an   accura te   eva lua t ion  of 
the   re la t ive   tu rbulence-penet ra t ion   per formance   for   the   th ree   cases  would 
a p p e a r   t o  be q u i t e   d i f f i c u l t   t o   o b t a i n   b e c a u s e   o f   t h e   i n t e r w o v e n   e f f e c t s  of 
cons t ra in t   boundary   changes   and   a i rc raf t   response   d i f fe rences  as b a s i c  param- 
eters are   var ied.   This   evaluat ion,   however ,   can  be  performed  mathematical ly  
by   de te rmining   the   p robabi l i ty   o f   be ing   ou ts ide   the   cons t ra in t   enve lope   and  
t h e  mean time b e t w e e n   c r o s s i n g   t h e   c l o s e s t   c o n s t r a i n t  l i m i t .  

Figure 1 2  shows t h e   r e s u l t s   f o r   t h r e e   v a l u e s  of (W/S)/o a s  a f u n c t i o n  
o f   a i r c r a f t   s i z e .   P e r h a p s   t h e   m o s t   s t r i k i n g   a t t r i b u t e  of the  turbulence-pene-  
t r a t i o n   p r o b a b i l i t y   c r i t e r i o n  is  i t s  dec i s iveness ,   s ince   t he   number i ca l   va lues  
shown f o r   t h e   t h r e e  (W/S)/o cases   a re   markedly   d i f fe ren t .   For  a medium-sized 
a i r c r a f t ,   s u b j e c t e d   t o   t h e   h o r i z o n t a l  and v e r t i c a l  20 f t / s e c  rms turbulence   the  
p r o b a b i l i t y  of  be ing   ou t s ide   t he   cons t r a in t   enve lope  is  30 times g r e a t e r   f o r  
the  highest   wing  loading  case compared to   t ha t   fo r   t he   i n t e rmed ia t e   w ing   l oad ing ,  
whi le   the   lowes t   wing   loading   resu l t s   in  a p robab i l i t y   va lue   abou t  300 times 
g r e a t e r .  Once a g a i n ,   t h e   c o m p a r a t i v e   i n s e n s i t i v i t y   o f   r e s u l t s   t o   a i r c r a f t   s i z e  
is observed. 

Genera l ized   Probabi l i ty   Contours  

N e g l e c t i n g   a i r c r a f t   s i z e   e f f e c t s ,   t h e   t u r b u l e n c e - p e n e t r a t i o n   p e r f o r -  
mance c r i t e r i o n  becomes  amenable t o   c o n t o u r   p l o t t i n g   a s  was done e a r l i e r   f o r  
t he   a i r c ra f t   r e sponses .   F igu re   13  shows these  general ized  exceedance  probabi l i ty  
con tour s   i n   t he  normalized-wing-loading/velocity plane. To g e n e r a t e   t h e s e   r e s u l t s ,  
t h e  same cases  were used   a s   fo r   t he   gene ra l i zed   a i r c ra f t   r e sponse   da t a   o f   F igu re  9 ,  
and the  r m s  t u r b u l e n c e   i n t e n s i t i e s   ( h o r i z o n t a l  and v e r t i c a l )  were assumed t o   b e  
30 f t / s ec ,   r ep resen t ing   s eve re   t hunde r s to rm  tu rbu lence .  
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As shown i n   F i g u r e  13, a na r row,   sha rp   dep res s ion   i n   t he   p robab i l i t y  
s u r f a c e   e x i s t s   i n   w h i c h   t h e   v a l u e  i s  less than .00005. Whi le   ope ra t ing   i n   t h i s  
small region,   the   probabi l i ty   of   exceeding  any ob t h e   c o n s t r a i n t s  i s  less than 
one i n  twenty  thousand,   even  in   this   severe   turbulence  environment .   This  may 
be compared wi th   opera t ion   near   the   ou ter   contour ,   where   the   p robabi l i ty   has  
increased by a f a c t o r  of 200. 
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The gene ra l i zed   da t a  of Figures  9 and 13 can be -de more meaningful 
f rom  an   ope ra t iona l   po in t   o f  view b y   s e l e c t i n g  a wing  loading  and  mapping  the 
r e sponse   and   p robab i l i t y   con tour s   i n to  a convent iona l   f l igh t   enve lope   def ined  
i n   t h e   a l t i t u d e   e q u i v a l e n t - a i r s p e e d   p l a n e .  The equ iva len t   a i r speed ,  VE , i s  used 
ins tead   of   t rue   a i r speed   because   o f  i t s  more common usage i n   a i r c r a f t   o p e r a t i o n s .  
The 1962 ICAO standard  atmosphere serves t o  relate altitude t o   d e n s i t y   r a t i o .  
The f l i g h t   e n v e l o p e s ,   w i t h   c o n t o u r s  of rms a n g l e  of a t t a c k   a n d   l o a d   f a c t o r   f o r  
u n i t   t u r b u l e n c e - i n t e n s i t y   i n p u t s  , are g i v e n   f o r   t h r e e  wing load ings   i n   F igu re  14. 
These   da ta  were obtained  from  Figure 9 by a simple  t ransformation  of   var iables  
a long   l ines   o f   cons tan t   response   magni tude .   Both   the   angle   o f   a t tack   and   load  
f a c t o r   c o n t o u r s   p l o t   v i r t u a l l y  as s t r a i g h t   l i n e s   w i t h i n   t h e   f l i g h t   e n v e l o p e ,  
a l though i t  must  be  borne i n  mind tha t   t he   a s sumpt ion   neg lec t ing   ae roe la s t i c  
e f f e c t s  on  nondimensional   der ivat ives  may be somewhat s t r a i n e d  when computations 
ove r   t he   en t i r e   f l i gh t   enve lope  are made. Keeping i n  m i n d  t he   va r ious  assump- 
t i o n s   d i s c u s s e d   i n  ear l ier  s e c t i o n s  of t h i s   r e p o r t  and in   the   Appendices ,   the  
q u a l i t a t i v e   c o n c l u s i o n  may be  drawn t h a t   i n c r e a s i n g   a l t i t u d e  a t  f ixed   equiva len t  
a i r speeds   t ends   t o   r educe   bo th   t he   l oad   f ac to r  and ang le   o f   a t t ack   r e sponses   t o  
tu rbulence .  It w i l l  b e   r e c a l l e d ,  on t h e   o t h e r   h a n d ,   t h a t   t h e   r e s u l t s   i n  
Figure 9 showed t h a t   a l t i t u d e   i n c r e a s e s  a t  f ixed   t rue   a i r speeds   caused   increases  
i n   t h e   a n g l e   o f   a t t a c k   r e s p o n s e s   t o   t u r b u l e n c e .  

By t h e  same t r ans fo rma t ion   o f   va r i ab le s ,   t he   exceedance   p robab i l i t y  
contours  of Figure 13 have  been mapped in to   t he   f l i gh t   enve lopes   o f   F igu re   15  
f o r   t h e  same three  wing  loadings.   These  contours  have  not  been drawn nea r   t he  
dynamic p res su re   o r  maximum equiva len t   a i r speed   s ince  limits. This l i m i t  was 
not   cons idered   in   genera t ing   the   l inear ized   cons t ra in t   enve lopes   used   for   the  
numer i ca l   da t a   p lo t t ed   i n   F igu re  13. For a p a r t i c u l a r   a i r c r a f t ,   h o w e v e r ,   t h i s  
constraint   could  be  included  and  the  exceedance  probabi l i ty   contours   could  be 
ca lcu la ted   €or   the   comple te   f l igh t   enve lope .   For   each  wing loading ,   the   c losed  
con tour s   o f   t he   p robab i l i t y   func t ion   i n   t he  h-VE plane  outl ine  regions  of minimum 
l ike l ihood   o f   cons t r a in t   exceedance .   In t e re s t ing ly ,   t he   e f f ec t  of increased  wing 
loading  i s  t o  move t h e  optimum r e g i o n   t o  lower a l t i t u d e s .  Even f o r  wing  loadings 
t h a t  are q u i t e  low f o r   c u r r e n t   s u b s o n i c  j e t  t ranspor t s ,   the   reg ion   of  minimum 
exceedance   probabi l i ty  i s  w e l l  be low  normal   c ru is ing   a l t i tudes .  

The c o n t o u r s   a t   t h e   h i g h e r   a l t i t u d e s   r e f l e c t  the f a c t   t h a t   t h e   p r i m a r y  
c o n s t r a i n t  a t  t h e s e   f l i g h t   c o n d i t i o n s  is  t h e   b u f f e t  l i m i t .  I n   t h i s   r e g i o n ,   t h e  
contours   assume  the  general   shape of t h e   l - g  low speed and high   speed   buf fe t  
limits def ining  the  boundaries   of   the   f l ight   envelope a t  h i g h e r   a l t i t u d e s .   I n  
the   lower-a l t i tude ,   h igh-speed   reg ion   of   F igure   15(a) ,  the 0.001 contour   has  
the  general   shape  of  the  constant rms load  factor  response  contour  of  Figure 
1 4 ( a ) ,  a consequence   o f   t he   f ac t   t ha t   t he   l oad   f ac to r  limit i s  the  pr imary 
c o n s t r a i n t   i n   t h i s   r e g i o n .  

For  the 90 lbs / f t2   wing   loading   case   in   F igure   15(b)  , the  approximate 
locus of t h e  optimum turbulence-penetration  speeds,   based on minimum exceedance 
probabi l i ty ,   has   been   ske tched .   Beginning  a t  t h e   h i g h e s t   a l t i t u d e s ,   t h e   c u r v e  
follows  the  peaks of the  contours .  Below about 18,000 f t ,   t h e   r e l a t i v e  
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impor tance   o f   the   buf fe t  l i m i t  d iminishes   and  the  load  factor  l i m i t  becomes 
the  dominant   constraint .   Consequent ly ,   the  optimum turbulence-penetrat ion 
speed i s  r educed   w i th   dec reas ing   a l t i t udes .  A t  a l t i t udes   be low  abou t  7,500 
f t ,  the   increased  rms angle   of   a t tack  response  to   turbulence  with  decreases  
i n   e q u i v a l e n t   a i r s p e e d  (see Figure 14) becomes s ign i f i can t   and   causes  an 
approximately  constant  optimum turbulence-penetration  speed a t  the  lower 
a l t i t u d e s .  

S e n s i t i v i t y  of  Results to Other  Parameter  Variations .~.__ 

As mentioned i n   t h e   p r e v i o u s   s e c t i o n s ,   t h e  optimum turbulence  pene- 
t r a t ion   r eg ion   based  on minimum cons t ra in t   exceedance   capabi l i ty  i s  below  the 
normal   c ru ise   a l t i tudes   o f   cur ren t   subsonic  j e t  t ranspor t s .  The e f f e c t s  of 
some parameter  changes were examined a t  a f i x e d   c r u i s e   a l t i t u d e ,   c h o s e n   a s  
30,000 f t  because   o f   t he   r e l a t ive ly   h igh   cons t r a in t   exceedance   p robab i l i t y   a t  
this a l t i tude .   F igures   16   and   17  show t h e   a i r c r a f t   r e s p o n s e s   t o   u n i t   t u r b u -  
lence   inputs   and   the   exceedance   probabi l i t i es   as   func t ions   o f   the   equiva len t  
a i r speed   for   th ree   wing   loadings .   F igure   17  shows tha t   fo r   t he   cond i t ions   o f  
t h e s e   r e s u l t s  the lowest  wing  loading  case  has  the  lowest  exceedance  proba- 
b i l i t y .   T h i s  i s  because  the  lowest  wing  loading  has  the lowest angle  of a t t a c k  
response   to   tu rbulence   inputs ,  as shown in   F igu re  16 ,  and a s  shown previous ly ,  
the dominant   constraint  a t  t h i s   a l t i t u d e  i s  t h e   b u f f e t  l i m i t .  The lowest  wing 
loading   has   the   l a rges t   load   fac tor   response   to   tu rbulence   bu t   the   load   fac tor  
l i m i t  is  of less importance  compared t o   t h e   b u f f e t  l i m i t .  

To p o r t r a y   i n  more d e t a i l   t h e  manner i n  which  the  constraints   and 
t h e   a i r c r a f t   r e s p o n s e s   i n t e r a c t ,   F i g u r e s  18 and 19 have  been  prepared. 
Figure 18 d i s p l a y s   f o r  a low equ iva len t   a i r speed  of  200 k n o t s ,   t h e   a i r c r a f t  
response   covar iance   e l l ipses   and   the   cons t ra in t   enve lopes   for   the   h ighes t  and 
lowest wing   loadings .   S imi la r   da ta   a re  shown in   F igure   19   for   the   h igher  
equiva len t   a i r speed  of 300 knots .  The mean times between  crossings  of  each 
cons t ra in t   a re   g iven   in   severa l   un i t s   o f   t ime  or   a re   denoted   as   approaching  
i n f i n i t y   i f   t h e  mean t i m e  i s  g rea t e r   t han  one day. 

From Figure 18, i t  i s  r e a d i l y   a p p a r e n t   t h a t   t h e   d i f f e r e n c e   i n   t h e  
r e s u l t a n t   e x c e e d a n c e   p r o b a b i l i t i e s   f o r   t h e  two wing  loadings i s  s t r o n g l y  
a f f e c t e d  by t h e   l o c a t i o n   o f   t h e   c o n s t r a i n t   e n v e l o p e   r e l a t i v e   t o   t h e  t r i m  
p o i n t   r a t h e r   t h a n  on d i f f e r e n c e s   i n   a i r c r a f t   r e s p o n s e .   I n   p a r t i c u l a r ,   t h e  
uppe r   bu f fe t  l i m i t  i s  very  near   the t r i m  po in t   for   the   h igher   wing   loading  
case. The minimum cont ro l   speed  l i m i t  could   a l so   be   expec ted   to   be   c rossed  
occas iona l ly   for   the   h igher   wing   loading   case   bu t   the   o ther   cons t ra in ts   a re  
insignif icant .   For   the  lower  wing  loading  case,   the   upper   buffet  l i m i t  i s  
t h e   o n l y   s i g n i f i c a n t   c o n s t r a i n t .  

S imi l a r   da t a  are presented   in   F igure   19   for   the   h igh   speed   c ru ise  
s i t u a t i o n .  For  the  lower  wing  loading  case,   the  upper  buffet  l i m i t  is  most 
dominant  with  the Mach l i m i t  and   pos i t ive   load   fac tor  l i m i t  of  somewhat less 
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s ign i f i cance .   Fo r   t he   h ighe r   w ing   l oad ing  case, the   upper   buf fe t  l i m i t  a g a i n  
moves very   near   the  t r i m  point  and  dominates the exceedance   probabi l i ty ,  
a l though  the  Mach l i m i t  cannot  be  completely  disregarded. 

C lose   s c ru t iny   o f   t he   r e su l t s   i n   F igu res  18 and 19  exposes several 
possible   shortcomings  of   the  turbulence-penetrat ion  performance  evaluat ion as 
p r e s e n t l y   f o r m u l a t e d .   F i r s t ,  a l l  t h e   c o n s t r a i n t s  are viewed w i t h   e q u a l  
s e r iousness   r ega rd le s s   o f   t he i r   phys i ca l   o r ig in ;   a l t hough  i t  i s  q u i t e   p o s s i b l e  
t h a t   l o a d   f a c t o r  l i m i t  exceedances  should  be  weighted more heavi ly   than  occa-  
s iona l   excur s ions  beyond t h e   b u f f e t  l i m i t .  Secondly, a r a t i o n a l   b a s i s   f o r  
proper ly   weight ing   each   cons t ra in t  is  not  obvious.  For ins tance ,  it i s  
d i f f i c u l t   t o  assess the   se r iousness   o f   exceeding   e i ther   the  Mach l i m i t  o r   t h e  
minimum cont ro l   speed  l i m i t  a s  compared to   exceed ing   t he   bu f fe t  l i m i t .  Exami- 
na t ion   o f   t hese   ques t ions  was beyond the  scope  of   this   s tudy.  

The e f f e c t s  of v a r i a t i o n s   i n  s ta t ic  margin,   atmospheric  turbulence 
m o d e l ,  and  control  c r i t e r i a  on a i rc raf t   response   and   tu rbulence-penet ra t ion  
performance were a l s o  examined i n   t h i s   s t u d y .  

The e f f e c t   o f  a rearward movement of   the   cen ter   o f   g rav i ty  w s s  found 
t o  be   de t r imen ta l ,   f rom  the   l oad   f ac to r   s t andpo in t ,   by  Pratt and Bennett .(13) 
The r e s u l t s  o f   t he   s tudy   r epor t ed   he re in   conf i rm  th i s   f i nd ing .  As i l l u s t r a t e d  
i n   F i g u r e  20,  decreased s t a t i c  margin  has .   an  adverse  effect  on the   l oad   f ac to r  
and   ang le   o f   a t t ack   r e sponses   t o   un i t   t u rbu lence   i npu t s   wh i l e   t he   a i r speed  
response i s  no t   s ign i€ i can t ly   changed .   F igu re  20 a l s o  shows t h e  two response 
p a r a m e t e r s ,   a l t i t u d e   a n d   p i t c h  ra te ,  which were n o t ,   i n   g e n e r a l ,  computed f o r  
most of   t he   ca ses   o f   t h i s   s tudy   s ince   t hey   a r e   no t   d i r ec t ly   i nvo lved   i n   t he  
turbulence-penetrat ion  performance  evaluat ion  procedure.  However, a l t i t u d e  
and p i t c h   r a t e   r e s p o n s e s   t o   t u r b u l e n c e  are of i n t e r e s t   b e c a u s e   a l t i t u d e  i s  
important  from  the air  t r a f f i c   c o n t r o l   s t a n d p o i n t  and  pi tch rate can  inf luence 
passenger  comfort .   Figure 20 shows t h a t   t h e   a l t i t u d e   r e s p o n s e   t o  a u n i t   t u r -  
bulence  input i s  influenced  by  the trim ai rspeed   bu t  is  n o t   g r e a t l y   a f f e c t e d  
by s t a t i c   m a r g i n ,   w h e r e a s   t h e   p i t c h  rate response shows a strong  dependence on 
c e n t e r   o f   g r a v i t y   l o c a t i o n   a n d   n o   s i g n i f i c a n t   i n f l u e n c e   o f  t r i m  a i r speed .  

The e f f e c t s  of changes  in   the  a tmosphere  turbulence model are shown 
i n   F i g u r e  21. The Case I1 (Dryden)  model y i e l d s  smaller responses   in   load  
f a c t o r  and   angle   o f   a t tack   than   does  the Case I (Von Karman) model  which  has 
been  used  throughout  this  study. The response  reduct ions  with  the  Dryden model 
are due t o   t h e   s l i g h t l y  lower power spec t r a l   dens i ty   ampl i tude   o f   t h i s  model i n  
the   sho r t   pe r iod   f r equency   r ange   fo r   bo th   t he   ho r i zon ta l   and   ve r t i ca l   t u rbu lence  
components. 

The consequences   e f fec ts   o f   reducing   the   sca le   l ength   f rom 5,000 ft 
t o  2,000 f t  are shown i n   F i g u r e  2 1  f o r   t h e  Von Karman model. This  change 
i n c r e a s e s   t h e   r e l a t i v e  level of   the  turbulence power a t  the   impor tan t   shor t  
per iod   f requencies   and   consequent ly   causes   l a rge   increases   in   the   load   fac tor  
and   ang le   o f   a t t ack   r e sponses   t o  a u n i t  r m s  turbulence  input .  It is observed 
f rom  F igu re   21   t ha t   t he   co r re l a t ion   coe f f i c i en t   r e l a t ing   ang le   o f   a t t ack   and  
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ve loc i ty   r e sponses  is dependent  upon  both  the  turbulence model  and t h e  scale 
length .   Consequent ly ,   the   shape   of   the   covar iance   e l l ipses ,   such  as shown 
i n   F i g u r e s  18 and  19  would  be  affected by t h e s e   f a c t o r s .   F u r t h e r   e x p l o r a t i o n  
of   the  inf luence  of   the  turbulence model  and t h e   s c a l e   l e n g t h  on turbulence-  
penetrat ion  performance was not   per formed  in   th i s   s tudy .  

The e f f e c t s   o f   u s i n g   d i f f e r e n t   c o n t r o l   s y s t e m s  on the   r e sponse   t o  
uni t   tu rbulence   inputs   and  on the  turbulence-penetrat ion  performance were 
inves t iga t ed   fo r   one   equ i l ib r ium  f l i gh t   cond i t ion .   Th i s   i nc luded  a more 
d e t a i l e d   s t u d y   o f   t h e   a i r c r a f t ' s   r e s p o n s e   b e h a v i o r   w i t h  a p i t c h   a u t o p i l o t  
hav ing   p i t ch   ang le   and   p i t ch  ra te  e r r o r   s i g n a l s   f e d   t o   t h e   e l e v a t o r   c o n t r o l .  
Since two ga in   s e t t i ngs   a r e   i nvo lved   w i th   t h i s   con t ro l   sys t em,   t he   p rocedure  
used was t o   f i r s t  select the   p i t ch   ang le   f eedback   ga in ,   s ince   t h i s   de t e rmines  
the   t i gh tness   o f   con t ro l ,   and   t hen   ad jus t   t he   p i t ch  rate feedback   ga in   to   p ro-  
v ide  0.7 c r i t i c a l  damping  of t h e   s h o r t   p e r i o d  mode. The r e s p o n s e s   t o  a u n i t  
turbulence  input  and  the  turbulence-penetration  performance are p r e s e n t e d   i n  
Figure 22 as func t ions  of the   p i tch   feedback   ga in .   Also  shown i n   t h i s   f i g u r e  
are t h e   r e s u l t s   f o r   t h e   l o o s e   p i t c h   c o n t r o l   u s e d   i n  a l l  ear l ier  work  and  those 
f o r  a p i t c h   a u t o p i l o t   w i t h   s h o r t   p e r i o d  damping. The trim f l i g h t   c o n d i t i o n  
co r re sponds   t o   t he  optimum turbulence  penetrat ion  speed  of  250 kno t s   a t   30 ,000  
f t   f o r  a wing  loading  of  90  lbs/f 't2  (see  Figure  15(b)). 

A s  expec ted ,   t he   r e su l t s  i n  Figure 22 i n d i c a t e   t h a t   i n c r e a s i n g   t h e  
c losed- loop   shor t   per iod  damping t o  0.7 w i t h   t h e   p i t c h  rate feedback is  bene- 
f i c i a l  in   r educ ing   t he   ang le  of a t t a c k  and load   fac tor   responses  compared t o  
those   fo r   t he   l oose   p i t ch   con t ro l .   I nc reas ing   t he   p i t ch   f eedback   ga in   wh i l e  
maintaining 0.7 c r i t i c a l  damping  of t he   sho r t   pe r iod   dec reases   t he   p i t ch  rate 
r e sponse   t o   un i t   t u rbu lence   i npu t s .  The turbulence-penetrat ion  performance  in  
terms of   p robabi l i ty   o f   be ing   ou ts ide   the   cons t ra in t   enve lope  i s  n o t   g r e a t l y  
a f f e c t e d  by the   t i gh tness   o f   p i t ch   con t ro l ,   a l t hough  a l l  cases wi th   h ighe r  
sho r t   pe r iod  damping are s u p e r i o r   t o   t h e   l o o s e   p i t c h   c o n t r o l  case. Although 
these   f ew  r e su l t s  are ce r t a in ly   no t   conc lus ive ,   t hey   i nd ica t e   t ha t   t he   t u r -  
bulence-penetration  performance may not   be  heavi ly   dependent  on t h e   p i t c h  
con t ro l   ga ins   a s   l ong  as the   c losed ,  loop system i s  reasonably good based  upon 
subject ive  judgment   of   t ightness  and  damping. 

More complex control   systems were a l s o   i n v e s t i g a t e d   f o r   t h e  same t r i m  
f l i gh t   cond i t ion .   F igu re   23  shows t h e   a i r c r a f t ' s  r m s  r e sponses   t o   un i t   t u rbu lence  
i n p u t s   f o r  a v a r i e t y   o f   s y s t e m s   u t i l i z i n g   e l e v a t o r   a n d   t h r u s t   c o n t r o l .  It should 
be  emphasized  here  that  a l l  the   feedback   ga ins   except   those   o f   the   bas ic   p i tch  
au top i lo t   w i th   p i t ch   ang le   and   p i t ch  rate feedback  loops were s e l e c t e d   i n  a very 
a r b i t r a r y   f a s h i o n   b a s e d   p u r e l y  on subjec t ive   judgment .   These   da ta   a re   therefore  
f o r   i l l u s t r a t i v e   p u r p o s e s   o n l y ,   a n d   d o   n o t   r e p r e s e n t   t h e   f i n a l   r e s u l t s  of a 
sys t ema t i c   i nves t iga t ion .  The p i t ch   au top i lo t ,wh ich  w a s  used i n  a l l  t h e   c o n t r o l  
systems  studied and shown i n   F i g u r e  2 3 ,  had a pi tch  feedback  gain Ke = -0.6 and 
a p i t c h  rate feedback  gain Ki, = -0.64 l /sec which  provided 0.7 c r i t i c a l  damping 
of   the   shor t   per iod  rhode. It  should  be  pointed  out   that   the   f inal  damping r a t i o  
of   the  c losed-loop  short   per iod mode was a f f ec t ed   by   t he   add i t iona l   f eedbacks  
used   i n   t he  more complex  control  systems. The fo l lowing   cont ro l   sys tems were 
i n v e s t i g a t e d :  
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P i t c h   a u t o p i l o t .  

P i t ch   au top i lo t   w i th   a l t i t ude   ho ld ,   mechan ized   by  
f e e d i n g   a l t i t u d e   a n d   a l t i t u d e  rate s i g n a l s  as 
c o m n d s   i n t o   t h e   a u t o p i l o t .   G a i n s  were ph = -0.001 
r a d / f t ,  P1; = -0.002 r a d / f t - s e c  

System  (2)  airspeed  control,  mechanized  by  feeding 
a i r speed   and   a i r speed  rate e r r o r   s i g n a l s   t o   t h e  
th ro t t l e s .   Ga ins  were T, = -1, T+ = -1 l/sec. 

System ( 3 )  with   a l t i tude   ho ld   removed,  

P i t c h   a u t o p i l o t   w i t h   a l t i t u d e   c o n t r o l l e d   b y   p o s i t i o n i n g  
t h e   t h r o t t l e s  as a func t ion   o f   a l t i t ude   and   a l t i t ude  
rate e r r o r  signals. Gains were Th = -0.0001 r a d / f t ,  
T i  = -0.004 r a d / f t ' s e c .  

Figure  23 shows t h a t  some of  the  responses were a f f e c t e d  very 
l i t t l e  by   t he   t ype   o f   con t ro l   sys t em.   In   pa r t i cu la r ,   t he   ang le   o f   a t t ack   and  
load   f ac to r   r e sponses  are r e l a t i v e l y   c o n s t a n t   f o r   t h e   f i v e   s y s t e m s .   T h i s  is  
p r o b a b l y   d u e   t o   t h e   f a c t   t h a t   t h e s e  two responses are dominated by t h e   p i t c h  
au top i lo t ,   wh ich  was a n   i n t e g r a l   p g r t  of a l l  the  systems.  Control  systems 
(2)  and ( 3 ) ,  w i t h   a l t i t u d e   h o l d   a c h i e v e d   b y   p i t c h   a u t o p i l o t   c o m n d s ,  are 
q u i t e   e f f e c t i v e   i n   r e d u c i n g   t h e   u n i t   t u r b u l e n c e   i n p u t ,  rms a l t i t u d e   r e s p o n s e  
a t  the   expense   o f   t he   o the r   va r i ab le s ,   no tab ly   t he   p i t ch  rate. The a d d i t i o n  
o f   a i r speed   con t ro l   t h rough   t h rus t ,  as used in   con t ro l   sys t ems  (3) and ( 4 ) ,  
improved   the   a i r speed   response   s ign i f icant ly   and  had l i t t l e  e f f e c t   o n   t h e  
o ther   var iab les .   This   can   be   seen   by   compar ing   the   responses   for   sys tems (1) 
and ( 4 )  without   a l t i tude  hokd,   and  systems  (2)  and (3)  w i t h   a l t i t u d e   h o l d .  
System (5) ,  u s i n g   a l t i t u d e   c o n t r o l   t h r o u g h   t h r u s t   i n   c o n j u n c t i o n   w i t h   t h e   p i t c h  
a u t o p i l o t ,  is  n o t  as e f f e c t i v e   i n   r e d u c i n g   t h e   a l t i t u d e   r e s p o n s e  compared t o  
systems (2)  and   (3)   us ing   a l t i tude   ho ld   th rough  p i tch  command. Furthermore, 
the   a i r speed   response   for   sys tem (5) d r a s t i c a l l y   i n c r e a s e d ,  a consequence  of 
u s i n g   t h r u s t   c h a n g e s   f o r   a l t i t u d e   c o r r e c t i o n s   w h i l e   a t t e m p t i n g   t o   m a i n t a i n  a 
f i x e d   p i t c h   a t t i t u d e .  

Figure 24  shows the  turbulence-penetrat ion  performance  for   each  of  
the  control   systems.   Systems (1) and ( 4 )  have   e s sen t i a l ly   t he  same p r o b a b i l i t y  
o f   t h e   a i r c r a f t   b e i n g   o u t s i d e   t h e   c o n s t r a i n t   e n v e l o p e   f o r   t h e  trim f l i g h t   c o n d i -  
t ion  used.  Systems (2)  and  (3) ,and  to  some exten t   sys tem (5), have  poorer  per- 
formance when eva lua ted   w i th   t he   spec i f i c   cons t r a in t   enve lope   u sed .   These  are 
the   sys tems  tha t  were most e f f e c t i v e   i n   r e d u c i n g   t h e   a l t i t u d e   r e s p o n s e .  It i s  
i n t e r e s t i n g   t o   n o t e   t h a t   s y s t e m  ( 4 )  would r e s u l t   i n   a n  rms a l t i t u d e   r e s p o n s e  
of 468 f t   i n   t h e  severe 30 f t / s e c  rms turbulence  environment,   whereas  system 
(3) would o n l y   r e s u l t   i n   a n  rms a l t i t ude   r e sponse   o f   s l i gh t ly   ove r  40 f t .  
Although  turbulence  of  this  magnitude is i n f r equen t ,   t he   ve ry   l a rge   a l t i t ude  
response  which  resul ts   wi th  system ( 4 )  might  represent  problems  from  the a i r  
t r a f f i c   c o n t r o l   s t a n d p o i n t .   C o n s e q u e n t l y ,   c o n s i d e r a t i o n  of inc lud ing   an  
a l t i t u d e   c o n s t r a i n t  as p a r t  of t he   cons t r a in t   enve lope  may be  warranted. 
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FIGURE 24. EFFECT OF CONTROL  SYSTEM ON TURBULENCE-PENETRATION 
PERFORMANCE 
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The d a t a   i n   F i g u r e s  23 and 24 r e v e a l   a n   i n t e r e s t i n g   s u b t l e t y  of  the 
turbulence-penetrat ion  performance  evaluat ion  procedure  reported  herein.  
According  to   Figure 24, system (3) i s  s l igh t ly   worse   than   sys tem ( 2 ) .  However, 
the  opposite  conclusion  might  be drawn  from the   angle   o f   a t tack  and. a i r speed  
responses  shown i n   F i g u r e  23. A close  examinat ion of this   apparent   anomaly 
r e v e a l e d   t h a t   d i f f e r e n c e s   i n   t h e   c o v a r i a n c e   e l l i p s e   o r i e n t a t i o n  were respon- 
s i b l e   f o r   c h a n g i n g   t h e   r e l a t i v e   p e r f o r m a n c e   f o r   t h e s e  two systems.  This 
i l l u s t r a t e s   t h e   d i f f i c u l t y  of assessing  the  turbulence-penetrat ion  performance 
by s imply  examining  the  individual   parameter   responses   to   uni t   turbulence 
inpu t s  . 

It should be no ted   t ha t   t he   r e l a t ive   t u rbu lence -pene t r a t ion   pe r fo r -  
mance of   these   f ive   cont ro l   sys tems shown i n   F i g u r e  24 m i g h t   b e   d i f f e r e n t   a t  
o the r  t r i m  f l i g h t   c o n d i t i o n s   i n   t h e   f l i g h t   e n v e l o p e .  A t  t he  t r i m  f l i g h t  
c o n d i t i o n   u s e d   t o   i n v e s t i g a t e   t h e   e f f e c t s   o f   d i f f e r e n t   c o n t r o l   s y s t e m s ,   t h e  
upper   buf fe t  l i m i t  was the  predominant  constraint ,   and  airspeed  changes had 
a very  small e f f e c t  on the   p robab i l i t y  of be ing   ou ts ide   the   cons t ra in t   enve lope .  
Airspeed  changes  might  be more i m p o r t a n t   i f   t h e  t r i m  f l igh t   condi t i 'on  were a t  
a h i g h e r   a l t i t u d e   o r   o f f s e t  from the   der ived  optimum turbulence-penet ra t ion  
speed. 

P r o c e d u r a l   E x t e n s i o n s   a n d   A p p l i c a t i o n s  

A s  a resu l t  of performing  the work descr ibed in t h i s   r e p o r t ,   c e r t a i n  
i n s i g h t s  were gained on possible  refinements  which  could  reasonably  be made i n  
the  procedure  for   assessing  turbulence-penetrat ion  performance and  on p o t e n t i a l  
a p p l i c a t i o n s  of the   p rocedure .   These   a r e   b r i e f ly   d i scussed   i n   t h i s   s ec t ion .  

Possible   extensions  to   the  evaluat ion  procedure  which  appear   to   be of 
value  and  pract ical   f rom  both a formulat ion and  computational  standpoint  are 
the  fol lowing : 

(1) Increased  Dimensions  of  Constraint   Space - The two- 
dimensional angle-of-attack/velocity cons t r a in t   space  
used i n   t h i s   r e p o r t   c o u l d   b e   e x t e n d e d   t o   i n c l u d e  
a l t i t u d e  limits e s t ab l i shed  from a i r   t r a f f i c   c o n t r o l  
cons ide ra t ions ,  a d e e p - s t a l l   c o n s t r a i n t  l i m i t ,  r i d e -  
q u a l i t y  limits , and p o s s i b l y   l a t e r a l - d i r e c t i o n a l  
response limits. For a i r c r a f t   w i t h   p o t e n t i a l   d e e p -  
s t a l l  problems, a cons t ra in t   boundary   es tab l i shed  as 
a func t ion  of   both  an  le  of a t t a c k  and p i t c h   r a t e  
migh t .   be   app ropr i a t e . ? l5 )   Wi th   r ega rd   t o   r i de   qua l i t i e s ,  
a discomfort   index  such as in   Reference  16 could  be  used. 
Although  an  extension of t h e   c o n s t r a i n t   s p a c e   t o   i n c l u d e  
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l a t e r a l - d i r e c t i o n a l   r e s p o n s e  limits may appea r   u se fu l ,  
the   t endency   for  a low degree  of   correlat ion  between 
longi tudina l   and  the l a t e r a l - d i r e c t i o n a l   r e s p o n s e s  may 
permit   separate   examinat ion  of   these  motions and t h e  
development  of a r e l a t ive ly   s imp le   p rocedure   fo r  com- 
b i n i n g   t h e i r   e f f e c t s  on turbulence-penetrat ion  perfor-  
mance. It s h o u l d   b e   n o t e d   t h a t . a   p o t e n t i a l   l i m i t a t i o n  
on increas ing   the   cons t ra in t   space   d imens ions  is the 
inc reased   complex i ty   i n   i n t eg ra t ing   t he   mu l t i -va r i a t e  
p r o b a b i l i t y   d i s t r i b u t i o n   f u n c t i o n   t h r o u g h o u t   t h e   r e g i o n  
T h i s   d i f f i c u l t y  would a p p e a r   t o  grow geometr ical ly  as 
t h e  number of  dimensions of the space i s  increased.  
It i s  encouraging,  however,  that  the  two-dimensional 
i n t e g r a t i o n   u s e d   i n   t h i s   s t u d y   r e q u i r e d   o n l y  0.2 
seconds  per case on a CDC 6400 computer. 

( 2 )  Inc lus ion   of   Pr imary   S t ruc tura l  Modes - The a n a l y t i c a l  
model  of t h e   a i r c r a f t  used in   de te rmining   tu rbulence  
responses  could  be  expanded  to  include primary' s t r u c t u r a l  
dynamic  modes.  Such modes would be  required  i f   the   con-  
s t r a i n t   s p a c e   i n c l u d e d  a r i d e   q u a l i t i e s   d i s c o m f o r t   i n d e x  
r e l a t i n g   a c c e l e r a t i o n   s p e c t r a  a t  s e l e c t e d   p o i n t s   i n   t h e  
a i r c r a f t   t o  human objec t ive   responses .   Fur thermore ,   i f  
s t r u c t u r a l  modes were inc luded   the   load   fac tor   cons t ra in t  
boundary  could  be  replaced  or  supplemented  by  structural  
stress l imits  a t  s e l e c t e d   c r i t i c a l   l o c a t i o n s   i n   t h e  a i r -  
c r a f t .  The a i r c r a f t / c o n t r o l   s y s t e m  dynamic  model  would 
b e   s u b s t a n t i a l l y  more  complex wi th   t he   i nc lus ion  of 
e las t ic  modes,  and  the number of  parameters  involved 
would p robab ly   i nh ib i t   gene ra l i za t ion  of r e s u l t s .   T h i s  
complicat ion  appears   to   be  warranted  only  for   the  inves-  
t i g a t i o n  of turbulence-penetration  performance of s p e c i f i c  
a i r c r a f t .  

(3)  Inc lus ion  of Nonlinear  Aerodynamic  and  Control System 
C h a r a c t e r i s t i c s .  - The a d d i t i o n  of n o n l i n e a r   c h a r a c t e r i s t i c s  
i n   t h e   a n a l y t i c a l  model of t h e   a i r c r a f t / c o n t r o l   s y s t e m  
a p p e a r s   t o   b e   d e s i r a b l e ,   p a r t i c u l a r l y   f o r   a s s e s s i n g   t u r -  
bu lence-penet ra t ion   per formance   of   a i rc raf t   opera t ing   in  
or near   the   t ransonic   speed   reg ion .   Unfor tuna te ly ,  
i n c l u d i n g   t h e   n o n l i n e a r   c h a r a c t e r i s t i c s   p r e s e n t s   s p e c i a l  
analysis   problems.  For analyzing  nonl inear   systems,  
t h e r e  are exact   approaches  such as using  the  Fokker-Planck 
Equat ion(") ,   bu t   th i s  method  might: p rove   excess ive ly   d i f -  
f i c u l t   f o r  dynamic  systems  greater  than  second  order. Two 
less exac t   ana lys i s   approaches   a re   the   use   o f  a random- 
input   descr ib ing   func t ion(18)   which  allows Gaussian-type 
c o m p u t a t i o n s   b u t   s u f f e r s   f r o m   a n   u n c e r t a i n t y   i n   t h e   v a l i d i t y  
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the r e s u l t s ,  and  the use of  the  Monte-Carlo method (19) 
i c h  is  moderately  s imple  to   apply  but   has   the  disadvan-  

tage of  low  confidence levels fo r   l ow-probab i l i t y   even t s  
such as are involved   in   de te rmining   tu rbulence-penet ra t ion  
performance.   In   extending  the  procedure as descr ibed 
above ,   one   migh t   a l so   accoun t   fo r   t he   va r i a t ions   w i th  
a l t i t u d e   o f   t h e   p r o b a b i l i t i e s  of encouter ing  turbulence 
of a given  magni tude  for ,   say,   nominal   mission  prof i les .  

( 4 )  Improvement in   Constraint   Envelope  Formulat ion - It might 
be   ve ry   des i r ab le   t o   fo rmula t e   t he   cons t r a in t   enve lope  
wi th   d i f f e ren t i a l   we igh t ing   o f   t he   va r ious   t u rbu lence -  
penetrat ion  performance limits, o r   t o   r e p l a c e  some of the  
d i s c r e t e   b o u n d a r i e s   w i t h   g r a d i e n t s   r e p r e s e n t i n g   i n c r e a s i n g l y  
proper  performance as the  boundary i s  penet ra ted .  A pre- 
r e q u i s i t e   t o   s u c h  improvements  must  be a b e t t e r   q u a n t i t a t i v e  
unders tanding   of   hazards   in   the   genera l   s ta te -space ,   than  
now e x i s t s .  

There are several p o t e n t i a l   a p p l i c a t i o n s  of the   tu rbulence-penet ra t ion  
performance  assessment  procedure,   even  in i t s  s impl i f ied   form as d e s c r i b e d   i n  
t h i s   r e p o r t .  Some of   these are as fol lows:  

(1) The comparat ive  evaluat ion of v a r i o u s   t y p e s   o f   a i r c r a f t  
t o   d e l i n e a t e   p a r t i c u l a r   p r o b l e m s   i n  terms o f   t h e   r e l a t i o n -  
sh ip   be tween   t he   bas i c   phys i ca l  and  aerodynamic  character- 
ist ics and  the  intended  operat ional   environment ,  

(2)  The s e l e c t i o n  of  optimum tu rbu lence   pene t r a t ion   speeds   fo r  
s p e c i f i c   a i r c r a f t ,  

(3)  The d e f i n i t i o n  of   the   g ross   c losed- lgop   cont ro l   requi re -  
ments   for   an   au topi lo t   tu rbulence  mode of operat ion.  

In   addi t ion ,   re f inements   o f   the   p rocedure   for   assess ing   tu rbulence-penet ra t ion  
per formance ,   as   d i scussed   above ,   could   l ead   to   too ls   adequate ly   sophis t ica ted  
fo r   t he   i nves t iga t ion   o f   op t ima l   con t ro l l e r   con f igu ra t ions   and /o r   pa th   geomet ry  
and  speeds  for   automatic   approaches  in   turbulence.  
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Conclus ions  

From an examination  of  the  results  of  this  work,  the  following  con- 
clusions  are  drawn: 

The  procedure  for  assessing  turbulence-penetration 
performance  by  evaluating  the  probability  of  being 
outside  a  constraint  envelope  produces  quantitative 
comparative  results  which  are  in  general  agreement 
with subjective  engineering  judgments  and  operationally 
derived  procedures. 

The computational  effort  required  to  apply  turbulence- 
penetration  assessment  procedure  is well  within the 
capability  of  digital  computers. 

The  assessment  procedure  is  decisive,  in that large 
dlfferences  in  the  numerical  value  of  the  probability 
function  can  result  from  reasonable  changes  in  the 
important  inertial,  aerodynamic,  and  control  system 
characteristics  of  the  aircraft  and  in  the  trim 
flight  condition. 

The  parameters  vhich  appzar  to  have  the  most  influence 
on the  turbulence-penetration  performance  are  the 
normalized  wing  loading, ( W / S ) / c r ,  and  the  trim  airspeed. 

For the range of aircraft  sizes  considered  in  this 
study,  increasing  aircraft  size  has  a  relatively 
insignificant  detrimental  effect  on  over-all  turbu- 
lence-penetration  performance. 

The  optimum  turbulence-penetration  altitudes  derived 
from  using  the  turbulence-penetration  performance 
assessment  procedure  are  below  the  normal  cruise 
altitudes  for  current  jet  transport  aircraft.  The 
procedure  was  used  to  define  optimum  turbulence  pene- 
tration  speeds  for  the  complete  altitude  range for  
aircraft  with  different  wing  loadings. 

The  conventional  means  of  longitudinal  control 
(horizontal  tail  surfaces  and  engine  thrust)  used  in 
this  study  were  found  to  be  limited  to  an  improvement 
of  turbulence-penetration  performance  in  that  part  of 
the  temporal  frequency  spectrum  below  the  short-period 
frequency,  where the  excursions  of  most  concern 
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general ly   occur .   Consequent ly ,  l i t t l e  dramatic  improvement 
may be  expected  over  the  performance  obtained by a simple 
control   phi losophy  based upon  smooth p i t c h   c o n t r o l   t o  
inhibit   the  lower  frequency  motion. On the   other   hand,  
an  improper   choice  of   control   feedback  can  have  large 
a d v e r s e   e f f e c t s  on t h e   c r i t e r i o n   r a t i n g .  

N o m e n c l a t u r e  

a = speed of s o u n d ,   f t l s e c  

A,B ,C  = a r b i t r a r y   d e s i g n a t i o n s   f o r   c o e f f i c i e n t   m a t r i c e s  

'E = l ength  of mean aerodynamic  chord, f t  

CL = l i f t   c o e f f i c i e n t  

cL = maximum l i f t  c o e f f i c i e n t  
I M X  

C = l i f t  curve  slope  (acL/aa) 

(C,) = p e r t u r b a t i o n   i n   t h r u s t   c o e f f i c i e n t   c a u s e d  by t h r o t t l e  
1 displacement 

f (E ,v)  *=  p r o b a b i l i t y   d e n s i t y   f u n c t i o n  

g = g r a v i t a t i o n a l   c o n s t a n t ,  3 2 . 2  f t / s e c  2 

R = d e n s i t y   a l t i t u d e ,   f t  

I = p i t ch ing  moment of i n e r t i a ,   s l u g   f t  2 
YY 

I-- Ivv = second-moments  of the and  v o u t p u t   s p e c t r a ,   l / f t  2 
my 

I;;v = second-moment  of t he  6', v c r o s s   s p e c t r u m ,   l / f t  

K = p i t ch   r a t e   f eedback   ga in   t o   e l eva to r ,   r ad / ( r ad / sec )  
4 

KQ = p i t ch   ang le   f eedback   ga in   t o   e l eva to r ,   r ad l r ad  
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L = scale of turbulence ,  f t  

m = a i r c r a f t  mass, s l u g s  

M = Mach number 

Ph = r a t i o  of p i t c h   a n g l e  command t o   a l t i t u d e   e r r o r ,   r a d / f t  

P5 = r a t i o  of p i t c h   a n g l e  command t o   a l t i t u d e  ra te ,  r a d / ( f t / s e c )  

S = wing area, f t  2 

Th = r a t i o  of t h r o t t l e   d i s p l a c e m e n t   t o   a l t i t u d e   e r r o r ,   r a d / f t  

Ti = r a t i o  of t h r o t t l e   d i s p l a c e m e n t   t o   a l t i t u d e  rate, r a d / ( f t / s e c )  

Tv = r a t i o  of th ro t t le   d i sp lacement   to   nondimens iona l   a i r speed  
e r r o r ,   r a d  

T o  = r a t i o  of th ro t t le   d i sp lacement   to   nondimens iona l   a i r speed  
V r a t e  , r ad / sec  

v = nondimensional ized  a i rspeed  per turbat ion 

V = t r u e   a i r s p e e d ,   f t / s e c  

vE = equ iva len t   a i r speed ,  Jo Vtrue , knots  

V = h o r i z o n t a l  component of g u s t   v e l o c i t y ,   f t f s e c  
gh 

v = v e r t i c a l  component  of g u s t   v e l o c i t y ,   f t f s e c  
PV 

W = a i r c r a f t   w e i g h t ,   l b s  

Xi = d e s i g n a t i o n   f o r  s ta te  var iab les ,   where  i = 1, 2 ,  . . . N 
Xsm = s t a t i c   m a r g i n :   r a t i o  of t he   d i s t ance  of the  c.g.  forward of 

n e u t r a l   p o i n t ,   t o   t h e   l e n g t h  of t he  mean aerodynamic  chord 

CY = angle  of a t tack ,   rad ians   un less   o therwise   s ta ted  

CY = angle  of a t t a c k   p e r t u r b a t i o n  from t r i m ,  r ad ians  
- 

6 = e l e v a t o r   d e f l e c t i o n  from t r i m ,  r ad ians  e 



-54- 

6, = t h ro t t l e   d i sp l acemen t   f rom trim s e t t i n g ,   r a d i a n s  

9 = p i t ch   a t t i t ude   d i sp l acemen t   f rom t r i m ,  rad ians  

9 = commanded p i t c h   a n g l e ,   r a d i a n s  
COmm 

p = a t m o s p h e r i c   d e n s i t y ,   s l u g s l f t  3 

psL = sea  level a t m o s p h e r i c   d e n s i t y ,   s l u g s l f t  3 

P& = c o r r e l a t i o n   c o e f f i c i e n t   r e l a t i n g  and v 

0 = r a t io   o f   ambien t   a tmosphe r i c   dens i ty   t o   s ea  level va lue  ( p l p  ); 
o r ,   w i t h   s u b s c r i p t ,   r o o t  mean square  response SL 

"u , "w = r o o t  mean square   o f   hor izonta l   and   ver t ica l   gus t   components ,  
r e s p e c t i v e l y  

0- 
cy *"v * = var iances   o f   angle   o f   a t tack  and d imens ionless   a i r speed ,  

r e s p e c t i v e l y  

$(a) = power spec t ra l   dens i ty   o f   a tmospher ic   tu rbulence ,  f t  Isec 3 2  

I-- @ = output  power s p e c t r a   f o r   a n d  v, f t  m' w 

= t u r b u l e n c e   s p a t i a l   f r e q u e n c y ,   r a d s l f t  

* = supe r sc r ip t   deno t ing   " equ i l ib r ium  f l i gh t   cond i t ion"  
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Introduction 

The  mathematical  model  of  the  aircraft  and  control  system  used  in 
this  study  was  based  on  the  following  assumptions: 

(1) Three  degrees-of-freedom  longitudinal  rigid-body 
modes  of  motion  were  considered. 

(2) The  equations  were linearized  about  a  level  flight 
equilibrium  condition. 

(3) Atmospheric  density  was  assumed  to  be an exponential 
function  of  altitude. (A-1) 

(4) The  control  system  involved  pure  gain  feedbacks  with 
no equalization,  and  sensor  and  actuator  dynamics 
were ignored. 

(5) Both  longitudinal  and  vertical  gust  velocity 
components  were  included. 

( 6 )  The lag  in  vertical  gust  penetration  between  the 
wing and  the  horizontal  tail  was  represented  as 
an  effective  aerodynamic  pitching  rate. 

(7) The  aerodynamic  lag  in  lift  growth  on  the  wing 
following  gust  penetration  (Kussner  function)  was 
included  in  approximate  form;  the  unsteady  aero- 
dynamic  effects  of  aircraft  motion  (Wagner  function) 
were ignored. 

Nomenclature 

- 
c = mean  aerodynamic  chord  length,  ft 

C,, = drag  coefficient 

CL = lift  coefficient 

CT = thrust  coefficient 

A - l  



p e r t u r b a t i o n   i n   t h r u s t   c o e f f i c i e n t   c a u s e d   b y   t h r o t t l e   d i s p l a c e m e n t  

p e r t u r b a t i o n   i n   t h r u s t   c o e f f i c i e n t   d u e   t o   c h a n g e s   i n   f l i g h t   v a r i a b l e s .  

ac, /&. 1 /rad.  

acD/a6,, l l r a d .  

aCD /aM 

acL/acy, l l r a d  . 

acL/a6,, l l r a d .  

acL/a (9, l l r a d  . 
p i t c h i n g  moment c o e f f i c i e n t  

acm/acu, l l r a d  . 

acm/a E), l / r a d .  

acm/a (9, l l r a d .  

g = a c c e l e r a t i o n  of g r a v i t y ,   f t l s e c  
2 
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h =  

T =  

I =  
YY 
k =  
Y 

= 

K =  
9 

y r =  

Kv - 
- 

K; - - 

- 
- 

QL = 

M =  

m =  

- - 

Mi = 

M =  
cT 

M6 - 
- 

e 

M =  
4 

i n c r e m e n t   i n   a l t i t u d e  from r e f e r e n c e   c o n d i t i o n ,   f t  

u n i t   v e c t o r   a l o n g  x body a x i s  

p i t c h  moment o f   i n e r t i a ,   s l u g - f t  2 

p i t c h   r a d i u s  of g y r a t i o n ,   f t  

ase lacr 
as /a4 e 

s t a t i c   g a i n   r e l a t i n g   t h r u s t   c o e f f i c i e n t   t o   t h r o t t l e   p o s i t i o n  

ase /av 
ase /a; 
ase/ae 
i n c r e m e n t   i n   t o t a l   l i f t   f o r c e ,  lbs 

mach number 

a i r p l a n e  mass, slugs 

pv2sF Cm , l l s e c  
2=YY cy 

gvsc  -2 

41YY cy 
Cm.,  l / s e c  

c , l / s e c  
2 

2=YY m6 

pvsc2 
4=YY q 

e 

Cm , l l s e c  
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An = incremental   change  in  normal  load  factor 

Ph = a0 / a h ,   r a d / f t  

P,-, = ae 
c om 

/ a i ,  r a d / ( f t / s e c )  
COm 

q = p i t c h  ra te ,  xadlsec  

= equivalent   aerodynamic  pi tch rate d u e   t o   v e r t i c a l   g u s t  
q g ,  p e n e t r a t i o n ,   r a d l s e c  

S = wing area , f t  
2 

T = t o t a l   e n g i n e   t h r u s t ,   l b s  

t = time, sec  

T~ = aST/3vY  rad 

T; = as,~a;, rad-sec  

Th = a6,/ah, r a d l f t  

~i = as,/aL, r a d / ( f   t l s e c )  

V = t r u e   a i r s p e e d ,   f t l s e c  

v = g u s t   v e l o c i t y   r e l a t i v e   t o   i n e r t i a l   r e f e r e n c e ,   f t l s e c  
g 

gh 
V = h o r i z o n t a l  component  of gus t  v e l o c i t y ,   f t / s e c  

v = v e r t i c a l  component of g u s t   v e l o c i t y ,   f t l s e c  
gv 

Vi = i n e r t i a l   v e l o c i t y ,   f t l s e c  

v = normalized  a i rspeed = - AV 
V 

W = a i r c r a f t   w e i g h t ,   l b s  
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zv = [- 9 - e l / s e c  

CY = ang le   o f   a t t ack  , rad .  

B = e x p o n e n t i a l   f a c t o r   i n   a t m o s p h e r i c   d e n s i t y   e q u a t i o n ,   l / f t  

6e = e l e v a t o r   d e f l e c t i o n   f r o m  t r i m ,  rad .  

6T = t h r o t t l e   d e f l e c t i o n  from t r i m  s e t t i n g ,   r a d .  

r( = t ransfer   func t ion   approximat ion   to   Kussner   func t ion  

8 = p i t c h   a t t i t u d e ,   r a d .  

L L l  
= commanded p i t c h   a t t i t u d e ,   r a d .  

h = Laplace  operator ,  l/sec 

p = a tmospher i c   dens i ty ,   s lugs / f t  3 

T = time cons tan t  of engine ,  sec T 

w = temporal   f requency,   rad/sec 

The s u b s c r i p t s  x and z r e f e r   t o   s t a n d a r d  NACA body-fixed  reference  axes.  

A-5 
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Aircraf t   Equat ions  of   Motion 

The development  of  the basic a i r c ra f t   equa t ions   o f   mo t ion   fo l lows  
standard  techniques  and i s  out l ined  below.  

I f   a n   e a r t h - f i x e d   r e f e r e n c e   s y s t e m  i s  assumed t o   c o n s t i t u t e   a n  
i n e r t i a l   r e f e r e n c e ,   t h e   i n e r t i a l   v e l o c i t y  of t h e   a i r c r a f t ' s   c e n t e r  of g r a v i t y  
is t h e   v e c t o r  sum of i t s  aerodynamic  veloci ty  and the   i n s t an taneous   ve loc i ty  
o f   t he  a i r  mass. 

In   the   iner t ia l   re fe rence   f rame,   Newtonian   mechanics  states t h a t ,  

- 
F = m V  i 

where i s  t h e   t o t a l   a p p l i e d   e x t e r n a l   f o r c e   v e c t o r  , composed  of aerodynamic, 
th rus t ,   and   grav i ty   force   components .  

I n  a convent iona l   body  axes   sys tem  cons t ra in ted   to   ro ta te   in   p i tch  
w i t h   t h e   a i r c r a f t ,   t h e  time d e r i v a t i v e   o f   i n e r t i a l   v e l o c i t y  becomes, 

- Gi = [ix + igx + q (v, + vg )I T + [iz + + - 9 (vx,+ v )] 
z gZ  gX 

The f o r c e   v e c t o r ,  F, of  Equation (A-1) i s  assumed t o   b e  composed of 
a l i f t   f o r c e ,   a c t i n g  normal to   t he   ae rodynamic   ve loc i ty   vec to r ;   d rag  and 
t h r u s t   f o r c e s   a c t i n g   p a r a l l e l   t o   t h e   a e r o d y n a m i c   v e l o c i t y   v e c t o r ;   a n d  a weight 
f o r c e   a c t i n g  downward.  The components of t h i s   f o r c e  are: 

F Z -  2 
-pvs ( - cLvx - CDVz + cTvz) + mg cos 0 

The hor izonta l   and   ver t ica l   gus t   ve loc i ty   components  are transformed 
i n t o  body axis components  through  the  transformation, 

A-6 



I -  

v = v COS 8 + v s i n  8 
gx gh gv 

Equation (A-1) t hen   can   be   wr i t t en  a s ,  

; - COS ct - CY s i n  ct = 
V ~ [ c  s i n  ct - c cos ct + c cos ct 2m L D T 3 

v V 
- ! s i n e  - -  e, 

V gh cos e - s i n  8 - q s i n  a 

1 s i n  cy + ;Y cos cy = - c cos e - c s i n  ct + c s i n  a V 2m C L  D T I 
V V 

gh 
V V e - - s i n  8 + - % 

cos 8 + q cos CY 

In   Equat ion  ( A - 5 ) ,  the   angle  of a t t a c k ,  CY, i s  def ined  by ,  

” vx 
V - cos CY 

Equation (A-5) i s  then   l inear ized   about   s t ra ight   and  level f l i g h t .  



I 

[CT - CD] + CY - e - - gh 
0 0 vo vO 

V 

= (- 2m ) cL vo Po - pvs - A 2 + B v _ 2 a v + q  
0 vO  vO 

Here, t h e   s u b s c r i p t  "of' denotes   equi l ibr ium  va lues ,   whi le   the   nonsubscr ip ted  
v a r i a b l e s  are pe r tu rba t ions   f rom  the   equ i l ib r ium  s t a t e .  

It is assumed t h a t   t h e   l i f t ,   d r a g ,  and t h r u s t   c o e f f i c i e n t s   c a n   b e  
expressed as f u n c t i o n s  of t he   fo l lowing   va r i ab le s :  

CL = CL (a ,  , M y  6,) 
2v0 

The f i r s t  two equat ions  are expanded i n  a f i r s t   o r d e r   T a y l o r ' s  series as ,  

% = C D  a + %  M v + % &  6 e 
CY M e 

The t o t a l   i n c r e m e n t   i n   t h r u s t   c o e f f i c i e n t  i s  considered  to   be made 
up of two p a r t s :  

acT a cT 
<CT> . = v + -  

2 bp 
P 

(A- 10) 
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(C,) is t h e   c o n t r i b u t i o n   o f   t h e   t h r o t t l e   d e f l e c t i o n ,   a c t i n g  
1 

through  the  engine  dynamics  equation, A-18, which  follows. (CT)2 on the 

other   hand,  is  the   i nc remen t   i n   t h rus t   coe f f i c i en t   wh ich  arises because of 
the   func t iona l   dependence   of   the   th ro t t le - f ixed   engine   th rus t  upon the  a i r -  
speed  and  atmospheric  density.  

S ince  

cT pv2s ' 
= -  2AT 

From the l as t  equa t ion ,  a s impl i f ica t ion   can   be  made i f   t h e  assump- 
t i o n  is made t h a t   t h r u s t  is d i r e c t l y   p r o p o r t i o n a l  t o  a tmospher ic   dens i ty ,  a t  
c o n s t a n t   t h r u s t   l e v e l   s e t t i n g .   S i n c e   a n   i d e a l i z e d   t u r b o j e t   e n g i n e   h a s   t h e s e  
c h a r a c t e r i s t i c s  a t  a l t i t u d e s  above  the  tropopause,  and i t  is  n e a r l y   c o r r e c t  
a t  o t h e r   a l t i t u d e s ,  we w i l l  invoke  this   assumption.  So, 

(A-11) 

- = 0. 
aP 

Equation (A-10) then  becomes, 

The a t m o s p h e r i c   d e n s i t y   c a n   b e   r e l a t e d   t o   a l t i t u d e   t h r o u g h   t h e  
f o l l o w i n g   r e l a t i o n s :  

Assume, p' = poe I -Bh' 
9 

where p '  is  the   dens t ty  a t  t h e   r e f e r e n c e   a l t i t u d e  from  which  h' is measured. 
0 

(A-12) 

(A-13)  

Then, = - Bp ' .  
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So, t he   pe r tu rba t ion   va lue  of p caused  by  deviat ions f r o m  t h e   r e f e r e n c e   a l t i t u d e ,  
h ,  is: 

(A-14) 

A cons tan t   va lue   o f  8 = .0000362 f t  is used   th roughout   th i s   s tudy .  -1 

Subs t i t u t ing   Equa t ions  (A-9), (A-13) ,  and (A-14) i n to   Equa t ion  (A-17) 
y i e l d s   t h e   f i n a l  form o f   t he   l i nea r i zed   t r ans l a t iona l   equa t ions .  The s u b s c r i p t s  
are d r o p p e d   f o r   c l a r i t y ,   b u t  i t  i s  unde r s tood   t ha t   quan t i t i e s   w i th in   t he  
b r a c k e t s  are eva lua ted  a t  the   r e f e rence   f l i gh t   cond i t ion .  

(A-15) 

+[- 2m c L6 1 'e + [ ~ ] h + [ + ] i  

e gV 

S ince   t he   p i t ch ing   ax i s  is  a p r i n c i p a l   a x i s ,   t h e   p i t c h i n g  moment 
equat ion  i s  simply, 

pv2sF 
Iyy4 = cm 2 

And, s i n c e  C = 0 a t   e q u i l i b r i u m ,  m 

(A-16) 

A-10 



Following 
rate e q u a l   t o ,  

The t o t a l  

E t k i n  (*-*I, t h e   v e r t i c a l   g u s t  imposes   an   e f fec t ive   p i tch ing  

p i t c h i n g  moment c o e f f i c i e n t  i s  t a k e n   t o  be a func t ion  of 
t h e   f o l l o w i n g   v a r i a b l e s ,  

The Tay lo r ‘ s   s e r i e s   expans ion  i s ,  then,  

From which,  using  Equation (A-13) and  (A-16) ,   the   l inear ized  pi tching moment 
equa t ion  i s ,  

2 C 

+ [ 21 cm l ( C T )  + [Q$ c 1 + [- - A] pv SF -2 m 

41 v gv YY CT’ 1 YY m6e w 
(A-17)  

+ [* cm M + Cm ($$ - 2 ‘>1 v 
YY M 

V 
‘T YY 
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Engine Dynamics 

A second-order   lag i s  assumed to   represent   the   engine   dynamic   response  
t o   t h r o t t l e   d e f l e c t i o n s .  The f o r m   o f   t h e   t r a n s f e r   f u n c t i o n   r e l a t i n g   t h r u s t  
c o e f f i c i e n t   t o   t h r o t t l e   d e f l e c t i o n  i s ,  

The 1.1 f a c t o r  i s  in t roduced   t o   avo id   poss ib l e   ma themat i ca l   d i f f i -  
cu l t i e s   w i th   r epea ted   roo t s   du r ing   po r t ions   o f   t he   computa t ion .  

The engine   t ransfer   func t ion   can   be   expressed  as the  following  second 
o r d e r   d i f f e r e n t i a l   e q u a t i o n ,  

(A-18) 

A value  of  7 = 4 seconds was used  throughout   this   s tudy.  T 

Unsteady  Aerodynamics  Effects 

The uns t eady   e f f ec t s   o f   t he   bu i ld -up   o f   ae rodynamic   l i f t   f o l lowing  
p e n e t r a t i o n  of a v e r t i c a l   g u s t  were approximated  by  multiplying  the ver t ical  
g u s t   v e l o c i t y   f o r c i n g   f u n c t i o n  terms by a t ransfer   func t ion   which   approximates  
the  Kussner l i f t  growth  function. 

The a i r c r a f t   u n d e r   c o n s i d e r a t i o n   i n   t h i s   s t u d y  a l l  have  swept  wing 
p lanform,   and   no   readi ly   usable   ana ly t ica l   approximat ions  were found f o r   t h e  
Kussner  functions  for  such  wings.  A s  an  expediency,   the   approximation  given 
by   Jones (A-3)   fo r   e l l i p t i ca l   w ings   o f   a spec t   r a t ion  = 3 was used t o   r e p r e s e n t  
t h e   i n d i c i a 1   r e s p o n s e   f u n c t i o n   f o r   t h e   h i g h e r   a s p e c t   r a t i o ,   b u t   s w e p t ,   w i n g s  
of c o n c e r n   i n   t h i s   s t u d y .  

Jones '   app rox ima t ion   t o   t he   l i f t   bu i ld -up   func t ion ,   exp res sed   i n  
terms of time i s ,  

TI ( t )  = 1. - .679 e - .558 (%) -.227 e -3.20 (G) C t 

A-12 



The desired  transfer  function  is  then  obtained  by  taking  the  Laplace 
transform  of  the  time  derivative  of  the  indicia1 response.(A'2)' 

.679 h .227 h 

X + .558 (2) C - h + 3.20 (9) 1 (A-19) 

Feedback  Control  Equations 

The  control  system  equations  involved  only  pure  gain  feedbacks  with 
no equalization. In addition,  sensor  and  actuator  dynamics  were  ignored.  The 
elevator  control  equation  used  was 

6 e = Kv v + KO( a + K; (G + G g h )  + Kq  q + Kg (9 - gc0m) (A-20) 

This  equation  could  be  used  to  approximate  different  stabilization,  flight 
director, and  autopilot  modes.  For  examp.le,  the  first  two  terms  could  be 
used  to  represent  a  simple  flight  director  scheme  employing  only  velocity  and 
angle of  attack  information. A system,  such  as  SCAT,  based  upon  angle  of 
attack  and  inertial  acceleration  feedback  could  be  approximated  by  using  the 
second  and  third  terms. A conventional  pitch  autopilot  would  be  approximated 
by using  the  last  two  terms. 

An altitude  control  system  operating  through  the  elevator  channel  of 
a  pitch  autopilot  was  simulated  by  generating  a  pitch  angle cormnand as a function 
of altitude  and  altitude  rate  information.  The  following  equation  was  used. 

'corn h = P -  h + P h h  (A-21) 

The throttle  control  system  used  pure  gain  feedbacks  of  airspeed 
and  altitude  signals  and  their  rates  as  described  by  the  following  equation 

6 , = T * ; + T  V V v + T & h + T  h h (A-22) 
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Complete Dynamic  Model 

Equations ( A - 1 5 ) ,  (A-17), (A-18) ,  (A-20),  (A-21),  (A-22),  and a n  
a d d i t i o n a l   e q u a t i o n   r e l a t i n g   a l t i t u d e   d e v i a t i o n s   t o   o t h e r   p e r t u r b a t i o n  vari- 
ab le s ,   de f ine   t he   comple t e   sys t em  wh ich   can   be   wr i t t en   i n   ma t r ix   fo rm as: 

v +  
gh 

-1 

where   t he   coe f f i c i en t  matrix [A] i s  shown on the  fol lowing  page.  

V (A-23) 
gV 

Since  the  horizontal   and ver t ical  gust  components are assumed t o  
be   uncorre la ted ,   the   responses  t o  each component  must  be  determined  separately 
and  combined  only i n   t h e   f i n a l  s t a t i s t i ca l  sense.  



;] = 

- 
( X  + XV' 'e 

0 0 0 

yr 
0 

0 

0 

-1 0 0 0 

0 -1 0 -KC 

0 (TLA+T~) 0 -1 0 

Express ions   for   each  of t h e   t r a n s f e r   f u n c t i o n s  of i n t e r e s t   c a n   b e  
developed  using  s tandard  techniques.   For   example,   the   t ransfer   funct ion 
r e l a t i n g   p i t c h   a n g l e   t o   h o r i z o n t a l   g u s t s  i s ,  

Where 1 [A']  is  the   de te rminant   o f   the   mat r ix   ob ta ined   by   subs t i tu t ing   the  
f i r s t  column matrix on t h e   r i g h t   s i d e  of Equation ( A - 2 3 )  f o r   t h e   t h i r d  column 
of the m a t r i x  [ A ] .  

Express ions   for   any  of t h e   o t h e r   t r a n s f e r   f u n c t i o n s   o f   i n t e r e s t  are 
ob ta ined   i n  a similar fashion,   and  by  not ing  that ;  

(A-24) 

( A - 2 5 )  



Because  of  the  algebraic  complexity  of  the  transfer  functions,  no 
analytical  derivations  of  these  expressions  were  performed.  In'stead,  the 
determinants  of  the  respective  matrices  for  the  numerators  and  the  denomina- 
tor  were  expressed  in  polynomials  in  the  operator, X, by  purely  numerical 
means. 

The  polynomial  expansions  were  obtained  as  follows,  using  the 
determinant  of  the  coefficient  matrix  as  an  example.  For  each  arbitrary 
value  of h substituted  into  Equation ( A - 2 4 )  , a  unique  value of the  determinant 
of  the  matrix  was  found  using  a  standard  computer  library  subroutine  for 
determinant  expansion.  Furthermore,  an  examination  of  the [A] matrix  shows 
that it is  of  7th  order, so there will be  eight  coefficients in the  char- 
acteristic  polynomial.  If  eight  arbitrary,  but  different,  values  of X are 
used  to  obtain  eight  values  of  the  determinant, a set  of  eight  linear  simul- 
taneous  algebraic  equations  can  be  formed  to  solve  for  the  coefficients  of 
the  characteristic  polynomial. 

The  technique  described  above  was  employed  for  the  numerators  and 
the  denominator of each  of  the  transfer  functions. Then, setting h = j w ,  the 
polynomial  numerator  and  denominator  were  converted  to  the  complex  frequency 
response  functions  of'  interest. 

The  load  factor  frequency  response  functions  can  be  derived  from  the 
angle  of  attack  and  velocity  functions  as  follows. 

Defining  the  increment  in  load  factor  at  the  c.g.  as , 

An = - AL 
W 

Then, 

(A-26) 

This is a  simplified  representation  of  the  load  factor  response,  in 
that  lift  contributions  caused  directly  by  pitching  rate  and  elevator  deflection 
have  been  ignored.  On  the  other  hand,  these  omitted  components  act  primarily 
on  the  horizontal  tail  surface, so the  simplified  mechanization  of  the  load 
factor  equation used-here is a  reasonably  valid  indication of wing  structural 
load. 
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So, for  e i ther  gust  component, 

(A-27) 

Idealized  Aircraft  Equations 

Equations (A-15) and (A-17)  can  be rewritten, 
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Six  parameters,  aside  from  the  derivatives,  appear  explicitly  in 
Equation (A-28). These  are: 

sional 
number 

At  this  point, an assumption  can  be  made  concerning  the  nondimen- 
derivatives.  These  derivatives  are,  in  general,  functions  of  Mach 
, altitude,  trim  lift  coefficent,  and  static  margin.  If  static  elastic 

deformation with altitude  is  eliminated  by  considering  only  the  Mach  number 
effects,  and  if  the  further  assumption  is  made  that  the  speed  of  sound  is 
constant,  then  all  nondimensional  derivatives  become  functions of V, CL , 

0 and  static  margin. 

The  lift-drag  ration  can 
be  a  function  of  only  the  velocity 

be  assumed,  to a first  approximation,  to 
and  the  trim  lift  coefficient: 

= f (CL J) 
0 

Furthermore,  it is easily  demonstrated  that 

pvs=a 
2m VCL 

0 

so that CL is  uniquely  established  by  the  parameters V and 2m 
therefore, CL is  not  needed  as  an  additional  parameter. 

pvs and, 
0 

0 
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The v a r i a t i o n  of t h r u s t   w i t h   v e l o c i t y ,  - can   a l so   be   e l imina ted  bV ' 
as a sepa ra t e   pa rame te r   by   no t ing   t ha t   t he   equ i l ib r ium  th rus t  i s  d i r e c t l y  
p r o p o r t i o n a l   t o  mass. The development is  as fol lows:  

For u n a c c e l e r a t e d   f l i g h t ,  

But ,   s ince  LID i s  uniquely  def ined  by C and V, 
LO 

r m = f (CL ,VI 0 

0 

bT S i n c e   t h e   c h a r a c t e r i s t i c s   o f   t h e   i d e a l i z e d   t u r b o j e t   e n g i n e   a r e   s u c h  
t h a t  i s  p r o p o r t i o n a l   t o   t h r u s t   a t  a g iven   ve loc i ty ,  i t  fo l lows   t ha t  

a av 1 m = f (c, ,v) 
0 

A t  t h i s   p o i n t   i n   t h e   c o n s i d e r a t i o n  of a n   i d e a l i z e d   a i r c r a f t ,   f i v e  
p a r a m e t e r s   a r e   r e q u i r e d   t o   d e s c r i b e   t h e   a i r c r a f t .  They a r e :  

and  the s t a t i c  margin. 

I n  Appendix B ,  the  assumption i s  made t h a t   t h e   p i t c h   r a d i u s  of  gyration 

i s  d i r e c t l y   p r o p o r t i o n a l   t o   c h o r d   l e n g t h .  A s  a consequence  has a f ixed  

va lue  for t h e   r u b b e r i z e d   a i r c r a f t ,   i r r e s p e c t i v e   o f  i t s  s i z e .  

- 
$5 

The  number' of parameters   requi red   to   comple te ly   def ine   the   idea l ized  

a i r c ra f t   t hen   r educes   t o   fou r .   These  are V ,  7, 2v _pvs 2m , and s ta t ic  margin. 

A-19 
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A p p e n d i x  B 

A i r c r a f t   C h a r a c t e r i s t i c s  

Introduct ion 

The a i r c r a f t ' s  aerodynamic  and ine r t i a l   cha rac t e r i s t i c s ,   t oge the r  
with  the t r i m  f l i gh t   cond i t ion  and the  f l ight   control   system modes are 
important  primary  variables  in  the  study of turbulence-penetration  performance. 
I n  model ing  the  a i rcraf t ,  i t  i s  des i rab le   tha t   the  model be as f l e x i b l e  as 
poss ib le   in  terms of  the number of parameters  treated as var iab les .  However, 
the  necessi ty  t o  l i m i t  the  number of va r i ab le s   t o  a managable quant i ty  i s  
a l so   recognized .   In   th i s  Appendix, se lec ted   charac te r i s t ics   a re   p resented  
toge the r   w i th   t he   c r i t e r i a  used i n   s e l e c t i o n .  The material is  d iv ided   in to  
the areas of physical,  aerodynamic,  propulsion, and opera t iona l   charac te r i s t ics .  

Nomenclature 

a = speed of sound, f tlsec 

F = mean aerodynamic  chord  length, f t  

Ci, = drag   coef f ic ien t  

(C,) = drag   coef f ic ien t  component v a r y i n g   w i t h   l i f t  
L 

(Co) = drag   coe f f i c i en t  component varying  with Mach  Number 
M 

CL = l i f t   c o e f f i c i e n t  

cLo 
= l i f t   c o e f f i c i e n t  (CY = 0 )  

c = acL/aCY 
La 

c = acL/ase 
Li3 e 

Cm = pi tch ing  moment c o e f f i c i e n t  

B-1 



CM = p i t c h i n g  moment c o e f f i c i e n t  (CY = 0) 
0 

D = d r a g ,   l b  

g = g r a v i t a t i o n a l   c o n s t a n t ,   f t l s e c  2 

I = p i t c h i n g  moment o f   i n e r t i a ,   s l u g s - f t  2 
YY 

K1 = def ined   in   Equat ion  (€3-1) 

K2 = def ined   i n   Equa t ion  (B-2 )  

L = l i f t ,   l b s  

M = Mach  Number 

No = n e u t r a l   p o i n t ,  see Equation (B-28) 

Q = dynamic   p ressure ,   lb / f t  
2 

r = a i r c r a f t ' s   p i t c h   r a d i u s  of   gyrat ion,  f t  

S = wing area, f t  2 

T = t o t a l   e n g i n e   t h r u s t ,   l b s  

T = t o t a l   e n g i n e   t h r u s t  a t  sea level,  s tandard   a tmospher ic   condi t ions ,   lbs  
- 

Ts = s t a t i c   t h r u s t ,  Ibs 
t 

v = v e l o c i t y ,   f t l s e c  

W = a i r c r a f t   w e i g h t ,   l b s  

X = cen te r   o f   g rav i ty ,  see Equation (B-10)  
cg 
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cy' 

- - 

6 =  
t2 

0 =  

P '  

angle  of  attack,  rad 

tailplane  incidence,  rad 

pressure  correction  factor 

pitch  attitude,  rad 

atmospheric  density,  slugslft 3 

Physical  Characteristics 

The  primary  physical  characteristic  parameters  of  interest  are  wing 
mean  aerodynamic  chord  length ( F ) ,  wing  area (S), pitching  moment  of  inertia 
(Iyy) , and  aircraft  gross  weight (W) . 

In an attempt  to  simplify  the  problem  somewhat, it is  assumed  that 
while  the  aircraft's  size  would  be  allowed  to  vary, its basic  geometry  would 
remain  fixed.  Here  geometry  is  construed  to  include  such  factors  as  fuselage 
slenderness  ratio,  wing  aspect  ratio,  wing  sweep,  and  the  general  attachment 
position  of  the  wing  to  the  fuselage.  Having  assumed  this,  other  assumptions 
can  be  made  with  fair  accuracy.  First,  given  various  aircraft  physical  sizes, 
wing  area  will  vary  proportionally  with  the  square  of  the  mean  aerodynamic 
chord  length.  That  is, 

Second,  the  aircraft's  radius of gyration  (r)  about  the  center of gravity  will 
vary  approximately  linearly  with  mean  aerodynamic  chord  length. Thus, 

This  latter  assumption is  made  recognizing  that  the  distribution  of  airframe 
mass is  far  more  influential  in  determining  r  than  are  the  masses  of  fuel 
and  payload  which  vary  as  gross  weight  varies. 

Pitching  moment  of  inertia  is  a  function  of  radius  of  gyration,  gross 
weight,  and  the  gravitational  constant (g), as  follows: 
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Combining (B-2) and (B-3) t o   e l i m i n a t e  r gives 

A r e f e r e n c e   a i r c r a f t  i s  chosen to   eva lua te   t he   . p ropor t iona l i t y   cons t an t s ,  K 1  
and K2. It i s  one  of the  f irst-generation  type,   four  engine,   turbojet-powered 
t ranspor t s   wi th  a mean aerodynamic  chord  length of 20 f e e t  and a wing area of 
2400 square  feet .  A reasonable mid-range v a l u e   f o r   t h i s   a i r c r a f t ' s   r a d i u s  of 
gyrat ion is 27 f e e t .  Using  these  values  in  equations (B-1) and (B-2),  the 
values  of K 1  and K2 are found to   be   6 .0  and  1.35,  respectively.  Thus, 
equations (B-1) and (B-4) can be r ewr i t t en  as 

It i s  conven ien t   t o   spec i fy   t he   a i r c ra f t ' s  wing loading (w/S) as a 
parameter,   instead of the W and S individually.   Equations (B-5)  and (€3-6) 
can  be combined t o   y i e l d  

I: = 135 .6T2 e) 
YY 

(B-6a) 

Based on the  foregoing material, the  process of fu l ly   desc r ib ing  
the   a i r c ra f t ' s   phys i ca l   cha rac t e r i s t i c s   can  be  viewed as a three-step  process;  

(1) S i z e   t h e   a i r c r a f t  by se l ec t ing  F, 

(2)   Specify  the wing loading (i), and 

(3)   Calculate   the  pi tching moment of i n e r t i a  (I ). 
YY 

Aerodynamic Charac te r i s t ics  

The longi tudinal  aerodynamic c h a r a c t e r i s t i c s   a r e  of i n t e r e s t   i n   t h i s  
study and inc lude   t he   l i f t ,   d r ag ,  and pi tching moment coe f f i c i en t s  and 
de r iva t ives .  The nondimensionalized  characteristics of t he   r e f e rence   a i r c ra f t  
mentioned e a r l i e r  w i l l  be used.  These are, t o  a good order of approximation, 
appl icable   to  an a i r c ra f t   w i th   t he  same geometrical  configuration,  even  though 
i t  may d i f f e r   i n   phys i ca l   s i ze .  The aerodynamic charac te r i s t ics   p resented   in  
the  following  paragraphs are l imited t o  the  configurat ion  with  f laps  and 



c 

landing  gear  retracted. Also,  unlike  the  derivations  in  Appendix A ,  they 
involve  values  as  measured  from  a  zero  angle-of-attack  condition,  and  not 
the  trim  flight:  angle-of-attack. 

Lift  Characteristics 
.. .. 

The  equation  below  illustrates  the  dependence  of  lift  coefficient 
(C,) on  aircraft  angle  of  attack (a), and  tailplane  incidence (6 ). e 

\ 

cL = cL + cL CY + c - 6e 1 
0 CY L6 

e ref 
03-71 

Here, 6 is a  reference  tailplane  incidence  of -4 degrees.  Static  airframe 
elasticity,  and  compressibility  effects  on CL are  accounted  for  by  the  fact 
that CL , and CL are, in  turn  functions  of  flight  Mach  number (M), and 
flight  altitude (h). 

eref 

0’ cLCY 6e 

Figures B - 1  through B - 3  present  the  values  of C b, CL,. and c 9 

respectively,  as  a  function  of  Mach  number  and  several  flight  altitudes. L6e 

Figure B-4 shows  the  aircraft‘s  buffet  boundary  limit  representing 
the  limit  CL  value as  a  function  of  Mach  number.  The  dashed  curve  is  a  section 
of an ellipse  approximating  the  boundary  and  will  be  used  in  generating  the 
vehicle’s  flight  envelopes,  presented  later  in  this  Appendix,  and  the 
turbulence-penetration-constraint  boundaries,  discussed  in  Appendix C. 

Drag  Characteristics 

The  drag  coefficient  can  be  expressed  in  terms of incompressible  drag, 
CCD> which  varies  with  lift,  and  the  drag  rise  due  to  Mach  number, (C,) . 

L M 

‘D + 
L M 

Figures B-5 and B-6 shows  the  variations  of (C,,) and (C,) with  respect  to CL 
and M, respectively. L M 

B-5 



0.3 

0 a 
0 
U 
- 

g 0.2 
N 

0 

c 
0)  

0 

c 

t 

.- .- 
0.1 

aJ 
0 
0 

Y- 
J 

c 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 I .o 
Mach Number, M 

FIGURE B-I .  VARIATION OF C L ~  WITH MACH NUMBER  AND ALTITUDE 

In   addi t ion  t o  the   bas ic   d rag   coef f ic ien t ,  i t s  rate of  change 
r e l a t i v e   t o  changes in   bo th   angle  of a t t a c k  and Mach number a r e  of i n t e r e s t  
i n  s tudy ing   t he   a i r c ra f t ' s  dynamic response. The f i r s t  of these   der iva t ives ,  
a - (C ) , i s  given by the  following  expression.  CY D , 

B-6 

J 



0.10 

8 0.09 
U 
5 .. 
-I 
El 

0 

5 0.08 
v) 
aJ 
L 
w 
3 

- 

0 
!t 
A 0.07 
c 

0.06 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Mach Number, M 

FIGURE 8-2. VARIATION OF C L ~  WITH MACH  NUMBER AND ALTITUDE 

The data in Figure B - 5  are used to  obtain the characteristics of - aCY ( C D ) ~  for 
various  values  of CL and CL . The derivative (%” is evaluated from 

the data presented in Figure B-6. 

a 
a 

CY 

a Figures B-7 and B - 8  provide data on the derivatives ( C D ) ~  and 
a - (C ) , respectively. aM D 
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Pitching  Moment  Characteristics 

An  expression  for  the  pitching  moment  coefficient  is  given as 

In this  equation, X is  the  ratio of the  center  of  gravity  distance  forward 
of the. 0.25 MAC position,  to  the  length  of  the  mean  aerodynamic  chord. Thus, 

'Cgre f 
X equals  X  The  effects  of  airframe  static  elasticity  and  compressi- 
bility  on  Cm  are  reflected  in  the  derivatives  of  Equation (B- lo) ,  all  of  which 

vary  with  flight  Mach  number  and  altitude. 

cg 

= 0.25. The  value  of (C ) is  referenced  to  the  condition  where 
ref 

cg  Cgref 

Figures B-9 through B-13 give  the  characteristics of Cm , (C,) , 
a ref 0 ref 

C , C  and 
m6 "x ax as  a  function  of"  and  h. 

e  cg cg 

Figures B-14 and B-15 present.data on the  variation  of  C  with  angle 
of  attack  rate (6')  and  pitching  rate ( e ) .  rn 

Propulsion  Characteristics 

In  this  study  involving  aircraft  dynamic  response  in  turbulence,  no 
specific  attempt  is  made  to  characterize  the  thrust  capacity  of  the  vehicle's 
engines.  That is, having  selected  a  vehicle  configuration  and  flight  condition, 
it  is  assumed  thaf  the  necessary  thrust  for  level  flight  is  available.  For 
equilibrium  flight,  the  following two expressions  are  applicable: 



0.08 

E" 
0 
U 

E 0.07 

c. 

s 
c 
0 

c 
0)  

0 

4- 

.- 
r;s 0.06 

O 

c 
Q) 

0 

Y- 

8 
c 

E 
0.05 

CT 
C 
E 
0 

.- 
4- .- a 

0.04 
0. I 0.2 0.3 0.4 0.5 0.6 

Mach Number, M 
0.7 0.8 0.9 

FIGURE B-9. VARIATION OF Cm, WITH MACH  NUMBER AND ALTITUDE 

B-15 



0.1 c ! 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0 
Mach Number, M 

FIGURE 8-10. VARIATION OF (Cma)ref WITH MACH NUMBER AND ALTITUDE 

B-16 



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Mach Number, M 

FIGURE B-11. VARIATION OF C, WITH MACH NUMBER AND ALTITUDE 
Be 

B-17 

II I 



- 0.3 

-0.2 

s 
2 
0 

- 0.1 

B-18 



- 0. IC 

- 0.06 
1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8  0.9 1.0 

Mach Number, M 

FIGURE 8-13. VARIATION OF d(Cma)ret /dXq WITH MACH NUMBER AND 
ALTITUDE 



0.34 0.25 0.19 
MAC MAC MAC 
c 

- -0.16 

-0.16 - -0.14 - 
I + 
> < -0.14 
a 

- -0.12 

IO 

'D 

E 

Y 

\ 

0 
Q -0.12 - -0.K 

-0.10 --0.0.5 

- 0.08 - 0 0.1 0.2 
I I I I 

4 0.5 0.6 0.7 0.8 0.9 0 
Mach Number, M 

FIGURE 8-14. VARIATION OF dCm/d(Ea/2V) WITH MACH NUMBER,  ALTITUDE, 
AND C.G. POSITION 

B-20 

I 



0.34 0.25 0.19 
MAC MAC MAC 

I -1: -0.3C 
I 
c 

)a 
\ =m 
IO 

rt) 
\ -0.25 

Y 

5 
rt) 

-0.x 

-0.1: 

. -0.m 

- -0.E 

- -020 

- -0.15 

. -0.3 

’ -0.2! 

’ -0.21 

- -0.1! 

’ -0.11 

C.G. 

19 01 
=z 
- 

MAC 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Mach Number, M 

FIGURE 8-15. VARIATION OF dCm/d ( E b / 2 V )  WITH MACH NUMBER, ALTITUDE, 
AND C.G. POSITION 

B-21 



T = CDQS 

W = CLQS . 
(B-11) 

(B-12) 

These  expressions  can  be  combined  to  yield 

Using  Equation (B-B),  (B-13) can  be rewritten as 

(B- 13) 

(B-14) 

where (C,) is a  function  of CL, and (%) is  a  function  of M. 
L M 
Figure B-16 gives  the  equilibrium  flight  thrust-to-weight  ratio (E) T 

as a  function  of CL and  M. Its  characteristics  were  determined  from  the 
data  in  Figures B-5 and  B-6. 

N o w  with regard  to  the  aircraft I s  dynamic  behavior,  it is  considered 
desirable  to  allow  for  the  effects  of  velocity  changes  on  thrust,  as  given  by 

av 
as this  would  not  be  in  harmony  with  the  concept  of  a  "rubberized"  engine  and 
the  assumptions  made  above.  Instead , the  approach  used  involved  the nondi- 
mensionalized  characteristics  of an idealized,  constant-volume  flow  turbojet 
engine. 

- aT The  thrust-velocity  characteristics  of  a  specific  engine  could  not  be used, 

Figure B-17 shows  the  idealized  thrust  characteristics'' as  a  function 
of Mach  number  of an axial-flow, turbojet  engine  operating  on  a  constant-volume 
flow  basis.  These  thrust  characteristics  are  for  maximum-rated  fuel  flow 

* "Aerodynamics  of  Propulsion",  by  Dietrick Kkhemann and  Johanna Weber, 
McGraw-Hill  Book  Company,  Incorporated,  1953,  Sections 8-5. 
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- 
Tmx represents the maximum thrust available at sea-level standard 

conditions and is given by 
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If T,, is the maximum thrust available at a flight condition other  than sea- 
level standard, it would be determined from 
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(B-16) 

where   6 t2  is  t h e   p r e s s u r e   c o r r e c t i o n   f a c t o r .  The t h r u s t ,  T ,  requi red  a t  some 
p a r t i c u l a r   f l i g h t   c o n d i t i o n  would i n   g e n e r a l   b e  some f r a c t i o n  K of Tm,; t h a t  
is 9 

- 
T = ($") (TSt) - 6t2 K 

s t  max 

A t  t h i s   c o n d i t i o n   t h e  ra te  of   change   of   th rus t   wi th  Mach number is  

Now, Equations (B-17)  and  (B-18)  can  be  combined t o  e l imina te   the   p roduct  

Ts t t2 
6 - K. Thus, 

The a n a l y t i c a l   e x p r e s s i o n   u s e d   t o   f i t   t h e   c u r v e   i n   F i g u r e  B- 

2 (T) = 1.00 - 0.64M + 0.68M 
s t  max 

D i f f e r e n t i a t i n g  i t  w i t h   r e s p e c t   t o  M g ives  

a($-) st max - 
aM - -0.64 + 1.36M 

17 i s  

(B-17) 

(B- 18) 

(B-19) 

(B-20) 

(B-21) 

B-25 



Using  (B-20)  and  (B-21),  Equation  (B-19)  can  be  rewritten as 

- =  aT T (-0.64 + 1.36M) 
(1.00 - 0.64M + 0.68M2) 

A change  of  variable was made from M t o  V,  taking  account  of t h e   f a c t   t h a t  

and s i n c e  

v = M a  y 

where a i s  the  speed  of  sound a t  a p a r t i c u l a r   a l t i t u d e ,   t h e n  

av ” 
aM - a  

Us ing   t hese   i den t i t i e s ,   Equa t ion  (B-22)  can  be  rewrit ten as 

- =  aT T -0.64a + 1.36V 
a2 - 0.64Va + 0.68V 2 

With t h i s   e x p r e s s i o n ,  i t  i s  p o s s i b l e   t o   o b t a i n   t h e   t h r u s t   v a r i a t i o n   w i t h  
v e l o c i t y ,   g i v e n   t h e   e q u i l i b r i u m   t h r u s t   l e v e l ,   t h e   f l i g h t   s p e e d ,  and the  
speed  of  sound a t   t h e   f l i g h t   a l t i t u d e   i n v o l v e d .  

Figure B-18 i s  a composite  graph,  based on Equation  (B-26),  which 

g ives   va lues   fo r  - in   terms of the   o ther   var iab les   involved .  By observing 

b o t h   t h i s   f i g u r e  and the  numberator  of  Equation  (B-22), i t  i s  s e e n   t h a t   f o r  

a l l  cases  - i s  zero  when M equals  0.47. 

aT  
av 

aT 
av 

(B-22) 

(B- 23) 

(B-24) 

(B-25) 

(B-26) 

B-26 
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Operational  Characteristics 

Figure B-19 is  the  altitude-airspeed  operating  envelope  for  the 
aircraft  to  be  examined.  The  operational  envelopes  are  seen  to  vary  as  a 
function  of  the  wing  loading (i). The  buffet  boundary  limits  were  obtained 
by using  the  analytical  representation  of  the  buffet  boundary  shown  in 
Figure B-4. Additionally,  a  dynamic  pressure  constraint  is  imposed  by 
selecting  an  upper  indicated  airspeed  limit  of 400 knots. 

It was  decided  that  in  specifying  aircraft  stability  margins 
"static  margin"  would  be  selected  in  lieu  of  specific  c.g.  positions. 
Examination  of  Equation (B-10) shows  that  the  effective C is  given  by m 

cy 

(B-27) 

The  neutral  point (No) is the  c.g.  position  (X ) at  which  C  is  zero.  Thus, 
cg  m cy 

No = X - 
'gref 

where 

X = 0.25 MAC 
f 

Static  margin (X ) is  defined  by sm 

- 
Xsm - xcg - No 

(B-28) 

(B-29) 
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S u b s t i t u t i o n  of (B-28) and (B-29) i n t o  (B-27) y i e l d s  

Stepwise  Procedure  for   Acquir ing  Aircraf t   Data  

One s t epwise   p rocedure   fo r   ob ta in ing   a i r c ra f t   da t a   fo r   ana lys i s  
purposes i s  i l l u s t r a t e d   b e l o w :  

Find S 

Find W 

I YY 

Specify M, h 

Find C 
Lo 

cL 
cy 

C 
L6 e 

c* 
0 

(cmc!) r e f  

C 
m6 e 

(Equation B-5) 

(W = * S )  S 

(Equation B-6)  

(Sub jec t   t o   F igu re  B-19) 

(Figure B-1)  

(Figure B-2)  

(Figure B-3) 

(Figure B-9)  

(Figure B-10)  

(Figure B - 1 1 )  

(B-30) 

B-30 



P ,a 

V 

cL 

cD 

aM 

- T 
W 

T 

Specify Xsm 

Find Cm 
CY 

NO 

acm 

2 &2V) 

(Figure B-12) 

(Figure B-13) 

(standard atmosphere tables)  

(V = Ma) 

(CL = 7) 2w 

PSV 

(Figures B-5 and E-6)  

(Figure B-7) 

(Figure B-8)  

(Figure B-16) 

T (T = w W) 

(Figure B-18) 

(Equation B-30) 

(Equation B-28) 

(Equation €3-29) 

(Figure B-14) 
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(Figure B-15) 
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A p p e n d i x  C 

t u r b u l e n c e - P e n e t r a t i o n   C o n s t r a i n t s  

In t roduct ion  

For   the   purposes   o f   th i s   s tudy ,  i t  i s  d e s i r a b l e   t o   h a v e  a c o n s t r a i n t  
envelope  in   the  proper   dimensional   space,  whose boundaries are defined  by 
s t r a igh t   l i ne   s egmen t s .  The fol lowing material desc r ibes   t he   t h ink ing  and 
methods  by  which a cons t r a in t   enve lope  i s  generated.  

Nomenclature 

a = speed  of   sound,   f t /sec 

A,,  B , ,  . . . F, = a r b i t r a r y   c o e f f i c i e n t   d e s i g n a t i o n s  
A l .  A 

CL = l i f t   c o e f f i c i e n t  

cL = acL/acY 
cy 

M = Mach number 

S = wing  a rea ,  f t  2 

v = nondimensional ized  a i rspeed  per turbat ion 

V = t r u e   a i r s p e e d ,   f t / s e c  

W = a i r c r a f t   g r o s s   w e i g h t ,   l b s  

cy = ang le   o f   a t t ack ,   r ad ians  

CY = per turba t ion   f rom t r i m  ang le   o f   a t t ack ,   r ad ians  

p = a tmospher i c   dens i ty ,   s lugs / f t  

* = s u p e r s c r i p t   d e n o t i n g   e q u i l i b r i u m   f l i g h t   c o n d i t i o n  

- 
3 

c -1 

I 



Genera l   Cons t ra in ts  

Figure C - 1  L l lu s t r a t e s   t he   cons t r a in t   boundar i e s   cons ide red ,   and  
the i r   genera l   appearance   in   the   two-dimens iona l   space  of l i f t   c o e f f i c i e n t  (C,) 
and t rue  a i r speed  (V). These   cons t r a in t   boundar i e s   a r e   d i scussed   s epa ra t e ly ,  
below. 

Positive  load  factor 

Loci of equilibrium 
flight  conditions 

v 

b v l i n i m u m  speed 

FIGURE  C-I.  NONLINEAR  CONSTRAINT  BOUNDARIES  EXPRESSED IN 
THE CL-V DIMENSIONS. 
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B u f f e t  

I n  Appendix B ,  a bu f fe t   boundary   fo r   t he   s tudy   a i r c ra f t  w a s  
approximated   ana ly t ica l ly   by  

1/2 
cL = 1.05 [l - 1.168M2] 

where M is Mach number.  However, s i n c e  

where a i s  the  speed of sound,  Equation (C-1) c a n   b e   r e w r i t t e n   i n  terms of 
V ,  ins tead   of  M,  a s  

CL = 1.05 [l - 

Because   o f   insuf f ic ien t   da ta  on t h e   n a t u r e  

((3-3 1 

of the   bu f fe t   boundary   i n   t he  
nega t ive  CL reg ion ,  i t  w a s  dec ided   tha t   the   buf fe t   boundary   be   t iken   as  
symmetrical about   the  V axis .   Thus,  

(C-4) 

Pos i t ivc  Load Factor  

The normal  load  factor ( N )  i s  g i v e n   a s   t h e   r a t i o  of aerodynamic 
l i f t   t o   a i r c r a f t   w e i g h t .   T h a t  i s ,  

A s  d i s c u s s e d   i n  Appendix A ,  t h e  dynamic a e r o e l a s t i c   c h a r a c t e r i s t i c s  of   the 
a i r c r a f t   a r e   n o t   i n c l u d e d   i n   t h e   s t u d y .   F o r   t h i s   r e a s o n ,  a constant   load-  
factor   boundary i s  assumed.  For a p o s i t i v e   l o a d   f a c t o r  l i m i t  of 2.5, 
Equation (C-5) can  be  solved  for  CL and  expressed  as 



Negative Load Fac t o r  

A nega t ive   l oad   f ac to r  l i m i t  of -1 i s  assumed.  Using  Equation  (C-5), 
t h e  CL limits of   th i s   boundary ,   expressed   in  terms o f   t he   o the r   va r i ab le s ,  is 

Minimum Speed 

A t  s u f f i c i e n t l y  low a i r s p e e d s ,   f o r  a p a r t i c u l a r   a l t i t u d e  and  load 
fac tor ,   the   aerodynamic   cont ro l   sur faces   a re   no t   e f fec t ive   enough  to   a l low 
a t t i t u d e   c o n t r o l .  A minimum speed   l imi t a t ion  was p o s t u l a t e d   t o   t a k e   t h i s  
fact  in to   cons idera t ion .   S ince   the   th reshold   speed   where   cont ro l   inef fec t ive-  
ness   occurs  is a func t ion  of many f a c t o r s ,   i n   t h i s   s t u d y ,  i t  i s  conserva t ive ly  
e s t ima ted   t o   be   t he   1 -g  s t a l l  speed   o f   t he   a i r c ra f t ,  

The 1-g s t a l l  speed,  and  hence  the minimum speed  boundary,  corresponds 
t o  f l i g h t  a t  the maximum l i f t   c o e f f i c i e n t  and is given as 

Maximum Speed 

As presented  in   Appendix B ,  an  indicated  a i rspeed  of  400 knots  
(675 f t / s e c )  is  t aken   a s   t he  maximum p e r m i s s i b l e   s p e e d   f o r   t h e   a i r c r a f t .  The 
re la t ionship   be tween  t rue   and   ind ica ted   a i r speed  is  given  by 

where p is  t h e   s e a  level s tandard   dens i ty ,   t aken   here   as   0 .002378  s lug / f t3 .  
T h e r e f o r e ,   t h e   a i r c r a f t ' s  maximum a l lowab le   t rue   a i r speed   i n   f ee t   pe r   s econd  
is given  by 

0 

vm = 32.95/CpI 1 / 2  ( C - I O )  
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From Figure C - 1  i t  can   be   seen   tha t   under  some f l i g h t   c o n d i t i o n s  
the maximum speed l i m i t  might   be   es tab l i shed   by   the   buf fe t   boundary .  The 
maximum speed  permit ted  by  the  buffet   boundary  can  be  obtained  f rom  Equat ion 
(C-4) f o r   t h e  case where CL i s  zero.  Thus, 

(C-11) 

Constraint   Transformation 

In   o rde r   t o   be   compa t ib l e   w i th   t he   d imens ions  employed i n   a n a l y z i n g  
a i r c r a f t   r e s p o n s e  (as given  in  Appendix A ) ,  t he   boundar i e s   j u s t   d i scussed  are 
transformed  from  the C - V a x i s   s y s t e m   t o  a E - v system,  where L 

v = V/V* - 1 
It can  be shown t h a t  

(C-12) 

(C-13) 

(C-14) 

and  (C-13)  can  be  rearranged t o   g i v e  

v = ( v  + 1)V* . (C-15) 

Using  Equations  (C-14)  and (C-15) wi th   the   p rev ious ly   def ined  
cons t ra in t   boundar ies ,   the   t ransformed  boundar ies   can   be   rewr i t ten  as 

1/2 - 
CY & K1 [1 - K2 ( v  + 12] - K3 ( b u f f e t )  

- 
cy = rK4/(v + 1)21 - K3 ( p o s i t i v e   l o a d   f a c t o r )  - 

(C-16) 

(C-17) 



where 

- CY = - rK5/(v + - K3 
( n e g a t i v e   l o a d   f a c t o r )  - 

V = K6 

V = K, 

min (minimum speed)  

I M X  (maximum speed)  

V) = K8 maX ( a l t e r n a t e  maximum speed)  

K1 = 1.05/CL 
CY 

K2 = 1.168VJ; /a 2 2  

Kg = CJr/c 
LcY 

K8 = [ 1/K2TI2 -1 

(C- 18) 

((2-19) 

(C-20)  

(C-21) 

(C-22) 

(C-23) 

((2-24) 

((2-25) 

(C-26) 

(C-27) 

(C-28) 

((2-29) 
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Linea r i z inp   t he   Cons t r a in t s  

In   the   p receding   paragraphs ,  a d e s c r i p t i o n  i s  given of the  con- 
s t r a i n t s   s e l e c t e d ,  and   the   s teps   t aken   to   t ransform these c o n s t r a i n t s   i n t o  a 
d imens iona l   space   represent ing   the   per turba t ions   f rom  an   equi l ibr ium  condi t ion .  
Nonetheless ,   most   of   the   constraints   remain  nonl inear ,  the except ions  being 
t h e  two ve loc i ty   l imi t a t ions .   Because   t he   a i r c ra f t   r e sponse   ana lys i s   i nvo lves  
l inear   models ,  i t  is  be l ieved   appropr ia te   to   have   the   cons t ra in t   enve lope  
de f ined   by   l i nea r i zed   r ep resen ta t ions   o f   t he   non l inea r   cons t r a in t   boundar i e s .  

Figure C-2 i l l u s t r a t e s  a hypothet ical   arrangement  of the  transformed 
non l inea r   cons t r a in t   boundar i e s   d i scussed   p rev ious ly .  They are shown by the  
d a s h e d   l i n e s   i n   t h e   f i g u r e .  The following  concept Is employed i n   t h e   l i n e a r i -  
za t ion   p rocess .  Some p o i n t  on each  constraint   boundary is i n   n e a r e s t   p r o x i m i t y  
t o   t h e   e q u i l i b r i u m   c o n d i t i o n   ( o r i g i n   o f   t h e  3 - v axis  system). Through each 
such   po in t ,   cons t ruc t  a s t r a i g h t   l i n e   w i t h   t h e  same slope as t h a t  of  the non- 
l inear   boundary a t  t h i s   p o i n t .  The r e s u l t i n g  set of s t r a i g h t   l i n e s   i n t e r s e c t  
one another  t o  form a cons t ra in t   enve lope  whose pe r ime te r   cons i s t s   o f   s t r a igh t  
l ine  segments .  

An examination  of  the  equations  presented earlier shows t h a t   t h e  
cons t ra in t   enve lope ,   such  as t h a t  shown i n   F i g u r e  C-2, is uniquely  defined 
by t h e   a i r c r a f t   a n d   f l i g h t   c o n d i t i o n   p a r a m e t e r s  M y  h, and W/S. It was known 
that cons t r a in t   enve lopes  would  need to   be   e s t ab l i shed   €o r  a poss ib l e   l a rge  
number of   d i f fe ren t   condi t ions   involv ing   these   th ree   parameters .   Thus ,  a 
computerized  method  of  defining  the  envelopes was developed.  This  development 
is  d i scussed   i n   t he   r ema inde r  of t h i s  Appendix. 

Ident i fying  Proximity  Points  

In   any   computer   approach   to   enve lope   def in i t ions ,   the   f i r s t   obvious  
s t e p  would b e   t o  compute t h e   c o e f f i c i e n t s  K1, K2, Kg, . . . Kg, as given  by 
Equations ((3-22) through (C-29). With   these   ava i lab le ,   the   cons t ra in t   boundary  
Equat ions,  (C-16) through (C-21), would be def ined.  The n e x t   t a s k  would b e   t o  
de f ine   t he   fou r   nea res t   p rox imi ty   po in t s   o f   pos i t i ve  and n e g a t i v e   l i f t   b u f f e t  
boundaries ,   and  the two load   fac tor   boundar ies .  The  method developed  for  
accompl ish ing   th i s  i s  described  for  each  of  the  boundaries.  



FIGURE C-2. DEVELOPMENT OF THE LINEARIZED CONSTRAINT 
ENVELOPE. 
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Buffet  Boundary 

The following  approach is  used to   ident i fy   the   neares t   p romixi ty  
poin ts   o f   in te res t .  

(1) Develop  an  expression  giving  the  distance r from the  
o r i g i n   t o  any poin t  (5 - v) on the boundary. 

(2)  Find  the  values of v a t  which r i s  an extremum 
(minimum or  maximum). 

(3) Discriminate among these  roots   to   ident i fy   those 
f o r  which r is  a minimum. 

(4) Fin4  the  appropriate  value of CY corresponding  to  each 
- 

v-root   for  which r is  a minimum. 

The bu f fe t  voundary i s  defined  in  Equation (C-16) as 

The d is tance  r ,  mentioned  above, is given by 

r =  I]..’ + (C-30) 

Combining these two equations t o  e l iminate  CY, and solving  for  r gives 
- 

2 2 1 / 2  1 /2 
r = {K1 [l -K2(v + 1) 1 - 2K1K3 [I - K2(v + 1)2] + K3* + v2} (C-31) 

The p a r t i a l   d e r i v a t i v e  .of r wi th   r e spec t   t o  17 is  

2 
” a r  -2K1 K2(v + 1) + {2K1K2K3(v + 1)/ [I - K2(v + 1) + 2v 
av 2 r  

- (C-32) 

I 



S e t t i n g   t h e   e x p r e s s i o n   f o r  a r / h  equa l   t o   ze ro ,   and   r ea r r ang ing   g ives  a poly- 
nomial of the  following  form 

A v  + A v  +A2v + A v + A  = O  4 3 2 
0 1 3 4 (C-33) 

where 

A. - - - K2 + 2K12K22 - K 4 3  K 1 2  

A1 = - 2K2 + 6K12K22 - 4K1 4 3  K2 

A2 = 1 - 2K 2K + K 4K - K2 + 6K12K22 - 6K14K23 - K1 2 2 2  K2 K3 
1 2  1 2  

A3 = - 2K1 K2 + 2KL4K22 + 2K12K22 - 4K,4K23 - 2K1 K2 K3 2 2 2 2  

*4 = K:K22 - K 1 4 K 2 3  - K1 K 2  K 3  
2 2 2  

(C-34) 

(C-35) 

(C-36) 

(C-37) 

(C-38) 

Figure C-3 i l l u s t r a t e s   t h e   f o u r   p o i n t s  whose v coord ina tes  are given 
by the  four   roots   of   Equat ion (C-33). Because of t he   na tu re   o f   t he   bu f fe t  
boundary, i t  i s  c l e a r   t h a t   t h e  minus v root   can  a lways  be  discarded,   leaving 
t h r e e   r o o t s   t o   b e  examined f u r t h e r .  Of t h e s e ,   t h e  two for   which r i s  a minimum 
c a n   b e   i d e n t i f i e d  by examining  the  sign  of  the  second  derivative of r w i t h  
r e s p e c t  t o  v. It i s  given by 

-2K1 2 K2 + 2K1K2K3 { [l-K2(v + 1) + K2(v + 1) [l-K2(v+l) 2 
a2r - =  
aV 

2 r (C-39) 

That   v-root  whose second  der iva t ive  i s  negat ive i s  d i sca rded .   Th i s   f i na l ly  
leaves t h e  two roots   for   which  r i s  a minimum. 
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physical problem 

V 

/- 

FIGURE C-3.  TYPICAL  EXTREME VALUES OF r FOR THE  BUFFET 
BOUNDARY 

Having  found the v coordinates of the two nearest   proximity  points,  
i t  is necessary   to   f ind   the i r   respec t ive  B coordinates.  Equation (016) 
i l l u s t r a t e s   t h a t  two possible  B values   exis t   for   each v value. Namely, 

Option 1: 0 = K1 [I - K2(v + 1)21'2- Kg 
- 

- 
Option 2: a = -  K1 [1 - K2(v + 1) - 
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The d e s i r a b l e  CY va lue  i s  tha t   wh ich ,   t oge the r  with the v v a l u e   i n   q u e s t i o n ,  
meets   the  test t h a t  ar/av equa l s   ze ro .   D i f f e ren t i a t ing   Equa t ion  (C-30) w i t h  
r e s p e c t   t o  v p rov ides   an   expres s ion   fo r   t e s t ing   t h i s   r equ i r emen t .  The form 
of t h i s   e x p r e s s i o n   d i f f e r s   f o r   t h e  two opt ions  involved.  Namely, 

- 

- 
ar 
av 

V CY K1K2(v + 1) 
Option 1: - - - - 

[G + v 2 T l 2  - [G + v2-fI2 * [I - K2(v + 1) 

(C-40) 

(C-41) 

The s t eps   above   a l low  fo r   exp l i c i t   de t e rmina t ion   o f   t he   p rox imi ty  
p o i n t s  on the   buf fe t   boundary .  The s lope of t he   bu f fe t   boundary   a t   each  
nea res t   p rox imi ty   po in t ,  azlav, would  be  given  by  the  expression  obtained 
i n   d i f f e r e n t i a t i n g   E q u a t i o n  (C-16) w i t h   r e s p e c t   t o  v and i s  u s e d   t o   e s t a b l i s h  
the  l inear l ized  envelope  segment .  The form d i f f e r s   f o r   t h e  two opt ions.  

Option 1: 

Option 2 :  

P o s i t i v e  Load Factor  Bounda5.y 

(C-42) 

(C-43) 

Using much the same procedure  as  was used   wi th   the   buf fe t   boundary ,  
Equations (C-17) and (C-30) can  be combined to   y i e ld   an   expres s ion   fo r  r i n  
terms of v. 
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Its d e r i v a t i v e   w i t h   r e s p e c t   t o  v is 

2 2Ki 2K3K4 - r +  , + v  
a r  (v + 1) 2 (v + l)= - =  av r 

(C-44) 

(C-45) 

Se t t ing   t h i s   equa l   t o   ze ro  and rearranging  terms  yields a polynomial of the 
following  form, 

B v  +B1v + B 2 v  + B v   + B v   + B 5 v + B  = o  6 5 4 3 2 
0 3 4 6 

(C-46) 

where 

Bo = 1 

B1 = 5 

B2 = 10 

B3 = 10 

B4 = 2K3K4 + 5 

B5 = 4K3K4 + 1 

B6 = -2K4 + 2K3K4 z 

Figure C-4 shows the   nature  of the boundary  given by Equation (C-17). 
This   equat ion  a l lows  for   the  exis tance of a boundary i n  a nonexistant  physical  
reg ion   (nega t ive   ve loc i t ies ) .  It can  be  observed  that  Equation (C-46) can  only 
have two r e a l   r o o t s  which  have physical   s ignif icance and that   only one of these ,  
a p o s i t i v e   v ,  i s  the  v-coordinate of the  nearest   proximity  point.   Thus,   the s ix  
roo t s  of (C-46) can  be  examined  and a l l  irnagainary  and negative real roots   can 
be  discarded . 
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interest 

" v 

FIGURE c-4. TYPICAL EXTREME  VALUES  OF r FOR THE  POSITIVE  LOAD 
FACTOR BOUNDARY. 

When the   s ing le   v - roo t  of i n t e r e s t  i s  found,   the   assoc ia ted  @ 
- 

coordinate  can  be  obtained  from  Equation (C-17). That is, 

(C-47) 
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The de r iva t ive  of (C-47) wi th  respect t o  v provides  an  equation  for  the  slope 
of  the  posit ive  load  factor  boundary, a t  the  nearest   proximity  point  and, 
hence,  the  slope of a segment of  the  l inearized  constraint   envelope. It is 

NeRative Load Factor Boundary 

Using  the same procedure  as was used for   the  posi t ive  load  factor  
boundary,  the  resulting  polynomial is 

cov + clv + c 2 v   + c v  + c v  + C V + C 6  = 0 6 5 4 3 2 
3 4 5 

(C-48) 

(C-49) 

, I 

where 

co = 1 

c1 = 5 

c2 = 10 

c3 = 10 

c4 = - 2K3K5 + 5 

c5 = - 4K3K5 + 1 
2 C6 = - 2K5 - 2K3K5 

As before,   four  of t h e   s i x   r o o t s  of (C-49) are  imaginary and can  be  discarded. 
Of the two real  roots ,   only  the one greater  than  zero i s  of i n t e r e s t .  The 
coordinate and the  boundary  slope a t  the  nearest   proximity  point are given  by 
the  following two equations.  

( C - 5 0 )  
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(C-51) 
. .  

Linear Boundary Def in i t ions  

Including  the two ve loc i ty   l imi t a t ions ,   t he   l i nea r i zed   cons t r a in t  
boundaries are s ix  i n  number. This  includes a boundary for   both  the  upper  
and lower sur faces  of the  nonlinear  buffet   boundary. These l inear   boundaries  
can  be  expressed by an  equation  of  the  following form: 

D Cy+ Eiv = 
- 

i Fi (F = 1, 2, . . ., 6) (C-52) 

The following  equation  assignments are made. 

D CY + E1v = 
- 

1 F1 ’ minimum speed  boundary (C-53) 

D CY + E2v = F2 , maximum speed  boundary (C-54) 
- 

2 

D (Y + E3v = 
- 

3 F3 ’ upper  buffet  boundary (C-55) 

D G + E v = F  lower buf fe t  boundary (C-56) 4 4 4 ’  

D5 c r + E  v = 
- 

5 F5 ’ posit ive  load  factor  boundary (C-57) 

D C Y +  E6v = 
- 

6 F6 ’ negative  load  factor  boundary (C-58) 

I n  computing the  values  of D i ,  E i ,  and F for   these  equat ions,  i t  can 
be shown tha t  

i 

Dl = . D 2  = 0 ((2-59) 

Di = 1, i = 3 ,4 ,5 ,6   ( a rb i t r a ry )  (C-60) 

E l  = E2 = 1 ( a r b i t r a r y  ) (C-61) 
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Ei = - (& i = 3 ,4 ,5 ,6  (C-62) 

Fi = D Cy + Eivi, i = 1, 2,  e . ., 6 (C-63) 
- 
i i  

- -i 

where CY and v are the   nea res t   p rox imi ty   po in t   coo rd ina te s ,  and (e)i i s  t h e  

boundary  slope a t  the   neares t   p roximi ty   po in t .   For   the  minimum and maximum 

speed  boundaries,  

i i 

v1 = K6 

K7, f o r  K ,< Kg 
. ,  

= {Kg, f o r  Kg < K7} 
7 

2 

. .  

Cpnst ra in t   Envelope   Def in i t ion  
. .  

(C- 6 4 )  

(C-65) 

F igure  C-5 d e p i c t s  a h y p o t h e t i c a l  case fo r   wh ich   t he   s ix   l i nea r i zed  
c o n s t r a i n t   b o u n d a r i e s  are d e f i n e d   i n   t h e  E - v plane.   With  the  exception  of 
t h e  two speed  constraint   boundaries   which are pa ra l l e l ,   eve ry   boundary   i n t e r -  
sects a l l  o ther   boundar ies   to   form a to t a l   o f   14   i n t e r sec t ion   po in t s   des igna ted  
Pij.  The  symbols i and j r e p r e s e n t   t h e  two boundaries whose i n t e r s e c t i o n  is  
belng  considered . 

Clea r ly ,   t he   cons t r a in t   enve lope   o f   i n t e re s t  i s  not  defined  by a l l  
14 i n t e r s e c t   p o i n t s .   I n   F i g u r e  C-5, for   example,   the   constraint   envelope i s  
def ined   by   the   po in ts  P13,  P35, P25 , P26,  P46,  and  P14. It 
necessary  t o  develop a rout ine  by  which  these  unique  points  

- 
Every  point   Pi j  has the   coord ina tes  CY and v 

the two lines  involved.  would  .be i j   i j '  

where i # j  

is ,  t h e r e f o r e ,  
can   be   ident i f ied .  

The equat ions  of 

(C- 66) 
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FIGURE C-5. CONSTRAINT SEGMENT  INTERSECTIONS WHICH  ARE 
THE BASIS OF THE CONSTRAINT ENVELOPE 
DEFl N ITION. 
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I 

These two equations  can  be  solved  simultaneously  to  yield  expressions  for 
the ti and v coordinates .  They are 

DiFj - FiDj 
V "  i j  D E  - E D  

i j  i j  

(C-67) 

(C-68) 

NOW, Equations (C-53) through (C-58) define  the  constraint-boundary 
l i nes .  However, being  constraints,   these  boundaries  exclude  portions of the 
iji - v domain from consideration.  Therefore,   €or any point  Pi t o   q u a l i f y  as a 
point  which  uniquely  defines  the  constraint   envelope, i t  mUSl! Sa t i s fy   the  
following s ix  inequa l i t i e s .  

(C-69) 

D ctij + E4vij  2 F4 
- 

4 

(C-71) 

(C-72) 

D6ai j  + E6vij 2 F6 
- 

(C-74) 

The procedure  above  provided a s t ra ightforward  process   for   ident i fying  those 
points  which  uniquely  define  the  constraint  envelope. 
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A p p e n d i x  D 

S t a t i s t i c a l   R e s p o n s e   A n a l y s i s   M o d e l  

Introduction 

The  material  herein  deals  with the  development  of an analytical 
model  for  examining  the  response of a  linearized  aircraft to random  turbu- 
lence, and assessing the  aircraft's  performance  as  given  by  two  criteria. 
The aircraft's  response  is  viewed  in  a  two-dimensional  space  defined  by  two 
state  variables of interest. The  basic  performance  criterion  is  taken  to 
be the  probability  that  the  response  will  exceed  a  constraint  envelope 
defined  in  the  state  space  of  interest. An alternate  performance  measure 
deals  with the frequency  of  crossing  the  bounds  of  the  constraint  envelope. 
The  analytical  developments  for  these  two  criterion  are  given  in  the  following 
paragraphs. 

Nomenclature 

d = distance  from  origin  to  a  given  line 

E = expectation  operator 

f( ) = probability  density  function 

I I I = moment  integrals 1' 2'  3 

Nd = number  of  crossings of the  level d per  unit  time 

Re { } = real  part of { } 
t = time 

u,v = transformed  coordinates 

x,y = components of a  two-dimensional  Gaussian  random  process 

z = projection  of  a  two-dimensional  Gaussian  random  process 
onto a given  line 
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8 = angle   o f   ro ta t ion   o f   coord ina te   sys tem 

p = covariance  between x and y 

2 
CJ = v a r i a n c e  

7 = time d e l a y  

'ii = power s p e c t r a l   d e n s i t y  

. .  

' i j  
= c r o s s   s p e c t r a l   d e n s i t y  

$ = d i r e c t i o n  of   the  normal   to  a g i v e n   l i n e  

W = frequency 

P r o b a b i l i t y  of Envelope  Exceedance 

The p r o b a b i l i t y   d e n s i t y   f u n c t i o n   o f  a zero-mean, b iva r i a t e   Gauss i an  
d i s t r i b u t i o n   i n   t h e   v a r i a b l e s  x and y i s  given(D'l)  by 

where 

0 X = E {x? 

CJ * = E {y2} 
Y 

D -2 



r 

It is e a s i l y  shown t h a t  1 p 1 5 1. The case where p = 1 (i.e., the two var iab les  
are l i n e a r l y   r e l a t e d )  w i l l  not  arise i n  the  intended  application.  Accordingly, 
it is assumed t h a t  1 p I  C 1 so t h a t  f (x,y) is always w e l l  defined. 

Now consider a convex  polygon  (constraint  envelope)  in  the  x-y  plane 
def ined by the vertices x i ,   y i ,  where i = 1, 2,  . . . N. Given the vertices 
x i ,  yg, and the  parameters ox,  oy, and p,  the  problem i s  to   determine  the 
p r o b a b i l i t y  of being  outside  the  polygon,  or  to  f ind  the  numerical   value of 
the i n t e g r a l  

where A is the   region  outs ide  the polygon. 

The computational  approach  taken i s  to   rotate   the  coordinate   system 
unt i l   the   c ross -product  term in  Equation (D-1) disappears,  then  to  perform  the 
two quadratures  in  sequence.  This w i l l  el iminate  the need for  a general  two- 
dimensional  integration  process.  

Rotat ion of Coordinates 

Figure D - 1  shows a new coordinate  system u-v, ro ta ted  by an  angle 8 
from the  x-y axes.  The x-y coordinates of an a rb i t r a ry   vec to r  may be  expressed 
in   terms of the u-v coordinates of the same vector  as follows: 

x = u cos 0 - v s i n  0 0-6) 

y = u s i n  8 + v cos 0 (D-7) 

Using  these  equat ions  to   e l iminate  x and y from  Equation (D-1)  gives 
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FIGURE D-I. NOMENCLATURE OF AXIS  SYSTEM  ROTATION 

1 1 2 
f(u,v) = exP {- 2 r . 2  (9 - A s i n  e cos 8 

2lT5 5 [I - p211/2 2 ( 1  - p 
5 5  

5 
X X Y  

X Y  

2 
-+ 7) s i n  9 + w (& ( s in2@ - cos 2 e >  + (7 2 - 2) 2 s i n  e cos e )  (D-8)  

5 
Y X Y  5 5 Y X 

2 s i n  8 2 
+ v  ( + % s i n  0 cos e +- cos%)] } 

5 
2 

X X Y  5 Y 
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Now suppose t h a t  0 i s  selected  in  such a way tha t   t he   coe f f i c i en t  
of the uv t e r m  in   Equat ion  (D-8) vanishes. It is  e a s i l y  shown t h a t   t h i s  will 
occur i f  and  only i f  

2 Pxoy 
s i n  20 = & 

Y Y 

and 

- 
cos 20 = + Y X . I,. 

[(o; - o Y 2)2 + 4p20  X Y  2o 2-Jlr 

Using  these two expressions * the   coef f ic ien t  of the u2 term in  Equat ion (D-8)  

(D-10)  

becomes 

While the 

{o + 0 7 [(0 - o 2)2 + 4p2";o;-J12} 
2ux 0 2 2  x Y X Y 

Y 

coe f f i c i en t  of the  v2 term i n  (D-8)  becomes 

; {o X + o &[(0 - o 2)2 + 4p 2 ox 2 o 2 7 7  
2 0  o Y X Y Y 
X Y  

(D- 11) 

( D - 1 2 )  

I f  it i s  requi red   tha t   the  u axis  be  the  major  axis of the  probabi l i ty  e l l ipse ,  
the   u2   coef f ic ien t  must  be smaller than  the  v2  coefficient.   This means t h a t  
the  upper  algebraic  signs  should  be  used  in (D-11) and  (D-12). 
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The des i red   va lues  of Sin 8 and Cos 8 w i l l  now be 

S in  8 = sgn p { +[I - (0 X - 0;) (D-13) 

X X Y  

+ I ,  P L O  
sgn p = - 1, p < o  I 

Now, if the   fo l lowing   def in i t ions  are made, 

2(1 - p’) ox GY 
U Q + 0- - [(GX2 - 0 2)2+ 4p20-x20-y2-y2 

2 2  
2 ( 3 =  

X Y Y 

2(1 - p’) ox 2 2  0 
u 2 =  
V 

OX + 0 Y +[(. X - u Y 2)2 + 4 p  0- x OY 2)1/2 

then the transformed  density  function becomes 

1 2 
fe (u ,v)  = - 270 u exp { - +[++4} 

u v  u 2 
U OV 

(D- 14) 

(D-15) 

(D-16) 

(D-17) 

(D-18) 
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The original   ordered l ist  of v e r t i c e s  x i ,  y i ,  may be  transformed 
i n t o  a new ordered l ist  u t ,  v i ,  by using  Equations (D-6) and (D-7) with 
s i n  0 and  cos 0 as given  by  Equations (D-13) and (D-14). The problem i s  
then   to   in tegra te   Equat ion  (D-18) over   the  region  exter ior   to   the convex 
polygon  defined  by  the vertices u i'  vi' 

The Gaussian  Quadrature 

The p robab i l i t y  of  exceeding  the  constraint  envelope may  now be 
w r i t t e n  as the  numerical   value of t he   i n t eg ra l  

I = f! fe(u ,v)  dudv 
A 

(D-19) 

where A is again  the  region  outside  the  polygon. 

Figure D-2 shows a hypothet ical  convex  polygon  which l ies  in   the  
u,v  plane and conta ins   the   o r ig in .  The symbols u- and u+ represent   the 
smallest and l a rges t   va lues  of   the  ui ,   respect ively.  The symbols v- and v+ 
are the  v values  of the  lower and h igher   in te rsec t ions  of a l i n e  of 
constant  u wi th   t he  polygon.  Using  these  notations,  Equation (D-19) can  be 
w r i t t e n  as 

(D-20) *+OD 
+ s du fe (uyv)dv  

u+ -03 

The f i r s t  and las t  of the  three  integrals  in  Equation (D-20) can  be 
wr i t t en ,   r e spec t ive ly ,  as 
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and 

V 

*, 

" 

0 .  

u = constant 

" 

u = constant 

v+ 

I \ , u +  = 
I \ '  " 

FIGURE 0-2. NOMENCLATURE PERTAINING TO THE 
EVALUATION OF THE  PROBABILITY 
INTEGRAL 

+a 
f -du f (u ,v)   dv  = 1 - - 1 erfc ( %) 0 2 
-02 -OD U 

Jw du J+ f e (u ,v )   dv  = 2 
U+ -0) 

(D-21) 

(D-22) 
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where e r f c  is the e r r o r - f u n c t i o n  complement: 

2 
e r f c  (2) = J* e-t d t  

J= z 
(D-23) 

Next, c o n s i d e r   t h e   f i r s t  term of   the  second  integral   of   Equat ion 
(D-20)- It c a n  be r e w r i t t e n  as 

V- 2 V- 2 
f'du fe(u,v) dv = - r+ exp (- 5) du { exp (- 5) dv} (D-24) 
U- -W 2 y &  u- 2a 

U 
-cD 

2oV 

t h e  inner i n t e g r a l  of which i s ,  i n   t u r n ,   e x p r e s s i b l e   i n  terms of   e r f c ;   t hus ,  

2 
r - e x p  (- 5) dv = 4 cs [ 2 - e r f c  be)] 
-9) 

2"v 
V 

V 
(D-25) 

so  t h a t  (D-24) may b e   r e w r i t t e n  as 

V- 2 
f+du fe(u,v) dv = f' exp (- 5) [2 - e r f c  (=)I du (D-26) 
U- -m rn cJu u- 2ou V 

Proceeding  a long similar l i nes   w i th   t he   s econd  term of  the  second 
i n t e g r a l  of Equat ion  (D-20), one  obtains 

sco 2 
J ~ d u  fe(u,v)  dv = 
u- v+ mcJ u f' u- exp (- +) erfc ( e) du (D-27) 

2aU 
V 
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Combining a l l  r e s u l t s ,   t h e   d e s i r e d   p r o b a b i l i t y  is  given by 

[2 - erfc  LL) + e r f c  (%)I du 
“v 

(D-28) 

The i n t e g r a l   i n   E q u a t i o n  (D-28) may be  evaluate1 1 Gaussian 
quadra ture .  I t  i s  necessary  only t o  b e   a b l e   t o   e v a l u a t e   t h e   i n t e g r a n d   f o r   a n y  
g iven   va lue   o f  u. To d o   t h i s ,  i t  is n e c e s s a r y   t o   b e   a b l e   t o  compute v- and v+ 
f o r   a n y   g i v e n   v a l u e   o f  u. This   can   be   readi ly   accompl ished   s ince   the   s t ra ight -  
l i ne   f aces   o f   t he   po lygon  are def ined  by  the known v e r t i c e s ,  u v i’ i’ 

Frequency  of  Crossing 

Consider two random processes   x ( t )   and   y( t )   which  are j o i n t l y   G a u s s i a n ,  
wide-sense  s ta t ionary  with  cont inuous  spectra   and  zero means. Assume t h a t   t h e  
fol lowing two  moments ex is t  

1 by a one-dimensiona 

(D-29) 

(D-30) 

where Ox, and ipyy are t h e  power spec t r a   o f   t he  two processes .   This   process  may 
be  viewed as the  motion  of a p o i n t   i n   t h e  x-y  plane. 

Suppose t h a t  a l i n e  i s  g i v e n   i n   t h e  x-y plane and t h a t  i t  d i v i d e s   t h e  
p l a n e   i n t o  two h a l f - p l a n e s ,  one   o f   which   conta ins   the   o r ig in .   I f   the   l ine   goes  
th rough   t he   o r ig in   t he re  i s  some ambigu i ty ;   t h i s   ca se  is  excluded. The problem 
i s  t o   f i n d   t h e   a v e r a g e  number of c r o s s i n g s  of the  point   x ,y   f rom  the  half-plane 
c o n t a i n i n g   t h e   o r i g i n   i n t o   t h e   o t h e r   h a l f - p l a n e ,   p e r   u n i t   o f  time. 

The analogous  one-dimensional  problem was solved  by  Rice(D-2) a number 
of years  ago.  Actually,   the  problem  posed  above may be  reduced t o  Rice’s and 
h i s   r e s u l t s   c a n   b e   a p p l i e d .  No well developed  procedure was found f o r  
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considering  the  frequency of crossing  the  multiple  boundaries which make up 
the  constraint   envelope.  Thus, a t t e n t i o n  was confined  to  the  crossing of 
fndividual  boundaries.  

Es tab l i sh inv  a Reference 

Figure D - 3  depicts  an  x-y domain  and a g iven   l ine   in  it defined by 
two noncoincident  points,  XI, y l ,  and  x2y2. It i s  des i r ed   t o   e s t ab l i sh  a 
r e fe rence   l i ne  normal to   the   g iven   l ine  and  which also  passes  through  the 
or ig in .   This   l ine  is assumed t o  be  of length  d ,  and t o  be displaced from the 
x-axis by the  angle 4. 

It i s  of importance to   de f ine  d and 8 i n  terms of  the  coordinates of 
the  given  points.   Thus,  

Applying  the  Level-Crossing Formula 

I f   the  random process i s  a t  some point   x ,y ,   then  the  project ion of 
th i s   po in t   on to   the  normal i s  given by 

( D - 3 1 )  

( D - 3 2 )  

( D - 3 3 )  

z = x cos $ + y s i n  4 ( D - 3 4 )  
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\ 

FIGURE  D-3.  DEFINING A DESIRED  NORMAL TO A GIVEN 
LINE 

If z > d ,  t h e  random process  i s  in   t he   ha l f -p l ane   no t   con ta in ing   t he   o r ig in .  
If z < d ,  i t  is  i n  the hal f -p lane   conta in ing   the   o r ig in .   Accord ingly ,  i t  is  
s u f f i c i e n t   t o   d e t e r m i n e  the frequency  with  which  the random process  

z ( t )  = x ( t )   c o s  J I  + y ( t )   s i n  4 (D-35) 
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crosses  the  level, z = d. This 
Rice.  The  desired  frequency of 

is  the  one-dimensional  prob em tudied  by 
crossing  is  given  by  Bendat tD-35 and  is 

(D-36) 

where (sz2 is the  variance of z and @zz(u)) is its  spectral'density.  It i s  
necessary  to  determine  these  quantities. 

Since x(t) and  y(t) are  ze'ro-mean  stationary  random  processes, z(t) 
will  also  be  stationary,  with  zero  mean.  The  autocorrelation of z(t) will  be: 

or 

It is  observed  that ( D - 3 8 )  can be rewritten  as 

n r 

( D - 3 7 )  

( D - 3 8 )  

where cp (7) and cp (7) are  the  autocorrelations of the  processes x(t)  and  y(t) 

and cp (7) and cp (7) are  the  covariances.  Multiplying  this  Equation  by - xx YY e-j 
Xy YX Tr 

and  integrating  from u) = -m to u) = +m (Fourier  transformation)  gives: 
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It is  e a s i l y  shown t h a t  i (W) i s  the  complex conjugate  of i (u)) so t h a t  
YX xy 

where Re { } means the  real  p a r t  of { }. Therefore ,   Equat ion (D-40) can  be 
r e w r i t t e n  as 

The var iance  of  z may now be  found. It is given  by 

(D-41) 

(D-42) 

(D-43) 

or,   from  Equation  (D-42),  i t  can  be  expanded t o  

2 2 
03 Q) m 

(J z = cos I) 1 Gxx(W)dW + 2 s i n  $ cos I) Re{@ (w)}dw + s i n 2 $  i (w)dw (D-44) 
0 0 

X y  0 YY 

By d e f i n i t i o n ,   t h i s  is  seen   to   be  

Now, t he   fo l lowing   can   a l so   be   wr i t t en :  

(w)da = I1 cos $ + 212 s i n  J I  cos J I  + Ig s i n  JI 2 2 

0 

(D-45) 

(D-46) 
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where 

I1 = f w ixx(w)dm , 2 

0 

Final ly ,   us ing  Equat ion  (D-46) ,   the   desired  f requency of c r o s s i n g  
g iven   by   Equat ion  (D-36) can  be  expressed as 

1 2 1 / 2  d2 

Nd = noz -[I1 c o s  4 + 212 s i n   c o s  + Ig sin2Jil  exp {- -2 20; } 

(D-47) 

(D-48) 

(D-49) 

(D-50) 
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